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Abstract

This is a set of course notes on (abstract, proof-based) linear algebra. It consists of two parts.
Part I covers the standard theory of linear algebra as is typically taught in a Math 115A course
at UCLA. Part II covers a selection of advanced topics in linear algebra not typically seen in an
undergraduate course, but written at a level which is accessible to a 115A graduate. Part I was
originally birthed as a set of rough lecture notes from a 115A course I taught in the spring 2021
term; this part is in the process of being polished and bolstered over the course of the winter
2022 quarter. Part II is more ambitious and will likely be written over the course of some
number of years, partially in collaboration with undergraduate students as part of individual
study projects.
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Chapter 1

Introduction

An introduction to Part I

Math 115A is a second course in linear algebra that develops the subject from a rigorous, ab-
stract, and proof-based perspective. If you are reading this, you likely have already taken a
course in linear algebra and are wondering why you are taking a second one. This is a valid
concern, and in this introduction I hope to suggest that an explanation exists. Answering the
question why is this useful about any topic in mathematics is difficult to do on an intrinsic and
satisfying level; all too often, the importance of definitions, theorems, or even entire fields of
math only becomes clear after years of further study. It is hard to appreciate parenting when
you are a kid, and this just as true in mathematics. This phenomenon is also not contained
to the early years of math education. Professional mathematicians are constantly realizing the
importance of definitions they learned years prior; they frequently regret not paying more at-
tention in some specialized course they sat through in grad school, and they constantly wish
they had a stronger background in some aspect of math that unexpectedly appeared in their
own work.! With all these being said, I will do my best to pitch the importance of redeveloping
linear algebra — a subject you already know — at an abstract and proof-based level. Know
that you may not truly appreciate anything I say until years down the line.
Broadly speaking, there are two main goals of a class like 115A.

(1) Develop linear algebra from scratch in an abstract setting.

(2) Improve logical thinking and mathematical communications skills.

Goal (2) can be disparagingly be interpreted as learn to write the p-word,?> but I don’t like de-
scribing math this way for reasons that may or may not become clear over the course of these
notes. In any case, I'll discuss each of these goals separately, and you should keep them in the
back of your mind as you wade deeper into the subject of linear algebra.

(1) Develop linear algebra from scratch in an abstract setting.

In a typical first-exposure linear algebra class, the subject is usually presented as the study
of matrices, or at the least it tends to come off in this way. In reality, linear algebra is the study
of vector spaces and their transformations.

'To be transparent, this claim is based on personal experience. I am boldly (but confidently) extrapolating to all
professional mathematicians!
*Proofs.



I haven’t told you what a vector space is yet, so currently this sentence should mean very
little to you. To continue saying temporarily meaningless things, a vector space is simply a
universe in which one can do linear algebra. We’ll talk about this carefully soon enough, but
for now I'll tell you about a vector space that you're already familiar with: R", the set of all n-
tuples of real numbers. You might be tempted to call this Euclidean space, but in my opinion that
name encodes much more information than just its vector space structure. In any case, R" is
baby’s first vector space, and in a first-exposure linear algebra class it is usually the only vector
space that you encounter. In 115A we will develop the theory of linear algebra in other many
other vector spaces. Actually, we will develop the theory of linear algebra in all possible vector
spaces that ever have and could ever exist by working at an extremely abstract level, which turns
out to be a useful thing to do. Here are some examples to convince you that this is a worthwhile
pursuit. I'll emphasize that I haven’t told you what a vector space is, so you should interpret
all of these examples as mysterious movie trailers for a variety of mathematical films that star
linear algebra.

Example 1.0.1. Infinite dimensional vector spaces are important and come up in math all the
time. The one vector space you have seen before, R", is definitely not infinite dimensional. For
example, consider the partial differential equation called the Laplace equation:

2 2
#i #F
ox? = 0y

Don’t worry if you don’t know anything about partial differential equations — you can just
trust me that they are important. The above equation, and many other differential equations,
can be presented as a transformation of an infinite dimensional vector space. In particular, the
elements of the vector space are the functions f(z,y).

Example 1.0.2. In a similar vein, you may have heard of the Fourier transform. Here is the
Fourier transform of a function f(z):

F(F)(€) = /R f(z) 2 da.

Again, don’t worry if this means nothing to you; just trust me that the Fourier transform is
important. Looking at the above formula — with an integral, an exponential, and imaginary
numbers — it may seem like the Fourier transform is as far from “linear algebra” as possible.
In reality, the Fourier transform is just another transformation of an infinite dimensional vector

space of functions!

Example 1.0.3. Infinite dimensional vector spaces arise naturally in physics as well. For exam-
ple, in quantum mechanics, the set of possible states of a quantum mechanical system forms
an infinite dimensional vector space. An observable in quantum mechanics is just a transfor-
mation of that infinite dimensional vector space. Don’t ask me too many questions about this,
because I don’t know anything about quantum physics. But I can read articles and textbooks
on quantum physics, purely because I am very comfortable with abstract linear algebra.

Example 1.0.4. Finite dimensional vector spaces other than R" are also important. There are
a number of simple examples I could give, but I'll describe something a little more exotic and
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near to my heart. In geometry and topology — the mathematical study of the nature of shape
itself — mathematicians are usually interested in detecting when two complicated shapes are
either the same or different. One fancy way of doing this is with something called homology.
You can think of homology as a complicated mathematical machine that eats in a shape and
spits out a bunch of data. Oftentimes, that data is a list of vector spaces. In other words, if S}
and S5 are two complicated mathematical shapes, and H is a homology machine, you can feed
S1 and S; to H to get:

H(S1)={V1,...,V,}
H(Sy) ={W,...,W,}.

Here, V1,...,V, and Wy,... W, are all vector spaces. If the homology machine spits out differ-
ent lists for the two shapes, then those shapes must be different! This might sound ridiculous
(because it is ridiculous) but if your shapes live in high dimensions that cannot be visualized,
it is usually easier to distinguish them by comparing the vector spaces output by a homology
machine, rather than trying to distinguish them in some geometric way.

Example 1.0.5. There is an entire field of math called representation theory that is built upon
the idea of taking some complicated mathematical object and turning into a linear algebra
problem. In particular, you represent your object as some collection of transformations of a
vector space.

My point is that vector spaces of all sizes and shapes are extremely common in math,
physics, statistics, engineering, and life in general, so it is important to develop a theory of
linear algebra that applies to all of these, rather than just R”. We will approach the subject
by starting from square one. A healthy perspective to take is to forget almost all math you've
ever done and treat 115A like a foundational axiomatic course to develop a particular field of
math.This is the first goal of 115A.

The last remark about goal (1) that I'll make is the following. You might be thinking: Wow,
linear algebra in vector spaces other than R™ must be wild and different from what I'm used to! I can’t
wait to learn all of the new interesting theory that Joe is hyping up! If you are thinking this, then I'm
going to burst your bubble and spoil the punchline of 115A: Abstract linear algebra in general
vector spaces is basically the same as linear algebra in R™. Nothing new or interesting happens. We
will talk about linear independence, linear transformations, kernels and images, eigenvectors
and diagonalization, all topics that you are familiar with in the context of R”, and everything
will work the same way in 115A.

(2) Improve logical thinking and technical communication skills.

At some level, this goal is a flowery way of referring to proof-writing, but I don’t like boiling
it down to something as simple as that. Upper division math (and real math in general) is
different than lower division math because of the focus on discovering and communicating truth,
rather than computation. As such, you should treat every solution you write in 115A (and any
other math class, ever) as a mini technical essay. Long gone are the days where you do scratch
work to figure out the answer to some problem and then just submit that. High level math is
all about polished, logical, and clear communication of truth.



This is difficult to do well and it takes a lot of time and practice! Learning to communicate
sophisticated mathematics in a professional and logical is very much like learning a language.
You will not be very good at the beginning, and you cannot become fluent by just reading or
watching other people do it well. You must actively practice your mathematical communica-
tion skills and get feedback from your instructors and mentors.

An introduction to Part 11

The world probably does not need another text on linear algebra, and I can’t say that I offer
anything unique in the first part of these notes. If anything, I offer some helpful exposition
and interesting exercises. The second part of the notes is hopefully a new offering into the
world of undergraduate linear algebra, with a biased selection of advanced topics written
at an accessible level for a 115A-level student. Some of these topics likely have accessible
introductions somewhere, but others — like symplectic linear algebra — do not. As much as I
preach about the importance of linear algebra, the best way to internalize this is to get a taste of
its appearance and fundamental presence in other areas of math. Part II is meant to be exactly
this.

1.1 Organization and information about these notes

Part I. Part I consists of six chapters that develop abstract linear algebra in a more-or-less stan-
dard way. There are exercises at the end of each section, some of which are standard (and
shamelessly lifted from standard references like [ ]and [ 1), while others are of my
own invention. Some are fairly involved and develop interesting techniques and topics them-
selves. There are also optional sections in each chapter, indicated by a star next to the section
name in the table of contents. Currently, the content of Part I is given by the following chapters.

o Chapter 2 develops the basic theory of vector spaces over abstract fields. This includes
the study of fields, vector spaces, subspaces, linear independence, bases, and dimension.
A notable point of emphasis is on the direct sum of subspaces. Optional sections at the
end discuss quotient vector spaces and Lagrange interpolation.

o Chapter 3 develops the theory of linear transformations between vector spaces. This
includes injectivity, surjectivity, Rank-Nullity, the notion of invertibility, and a study of
coordinates. There is an optional section that discusses dual spaces.

o Chapter 4 develops the theory of eigenvectors and eigenvalues, notably without the use

of determinants.

o Chapter 5 covers abstract inner product spaces. This includes basic concepts, Cauchy-
Schwarz and other inequalities, the theory of orthonormal bases, and some brief theory
on adjoints. It will likely be fleshed out more and more over the years.

o Chapter 6 has yet to be written, but will eventually develop the theory of determinants
in a rigorous way in the language of alternating multilinear maps. It will then conclude

with some applications to eigenvalue computation.
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Part II. Part IT will eventually consist of a selection of chapters that introduce advanced topics
in math in an accessible way from the viewpoint of a freshly-minted 115A graduate. For the
most part, each chapter can be read independently, but will require a good chunk of Part as a
prerequisite. The selection of topics is highly biased toward what I find interesting and what
I know well. There are also a number of topics that seem natural to include (like the theory of
Hilbert spaces and Banach spaces) Also, the chapters on the front end of Part Il will feel closer
in spirit to the thoroughly-developed theory of Part I, where the chapters toward the back end
will be more casual and expository.
Currently, there is only one chapter (mostly) written.

o Chapter 8 develops the theory of symplectic linear algebra. Linear symplectic theory is
commonly introduced in texts on symplectic geometry, but I am not aware of an intro-
duction to the subject at an accessible undergraduate level. I hope that this chapter can
not only serve this purpose, but also be a helpful reference and resource for graduate
students that are first exposed to symplectic geometry. I certainly learned a few things in
the process of writing this chapter. At the end is a casually written section that surveys
some ideas in symplectic geometry, using the linear algebraic theory as a starting point.

Appendix. Part I is mostly self-contained, and also does not use much induction. Thus, I have
pushed some review topics from a first linear algebra course (like row reduction, which is also
never used in Part I) along with induction to an appendix.

1.1.1 An important convention regarding purple text

One way to become a better writer is to read great authors from the past, study their use of
language, and take inspiration from them to build your own style. This advice applies to learn-
ing proof-writing and professional mathematical communication. At the risk of pretentiously
suggesting that I am a “great mathematical author”, I suggest that you read these notes with
the following goals in mind, in exact correspondence with the broad goals I described above:

(1) Read the notes to learn definitions, concepts, ideas, and examples.

(2) Pay attention to how I communicate, how I write proofs, and what I write when I solve
example problems. This includes my use of language and the format of my writing.

But there is an important caveat, because there is a difference between what I considered good,
professional mathematical communication, and casual expository prose. Any instance of what
I consider quality professional mathematical writing will be highlighted in purple, which is
my favorite color. Much of my writing in between formal proofs and solved examples will be
pretty casual, more so than in a typical math textbook. This is intentional, because I believe
the cold and professional tone of mathematical writing can be difficult to learn from at an
early stage. I still want to present you with examples of quality mathematical writing for you
to take inspiration from, and thus you should pay special attention to anything written in
purple. Just to point out an example of what to pay attention to — in my normal prose, I will
use “I” when referring to myself; however, you will notice that I never do this in any purple
text. Anyway, just keep in mind that non-purple text is me talking with you, and purple text

is me demonstrating quality professional mathematical writing.
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1.2 Some history

An interesting feature of mathematics (and probably any academic field, but I can only per-
sonally speak about math) that is both good and bad is that the way it is taught usually does
not reflect how it was first discovered. This is good, in the sense that mathematical discov-
ery is often messy, convoluted, and inefficient. Clarity and elegance in a mathematical theory
arises out of years of hindsight and reevaluation. If you were to teach a bread-making class for
amateur bakers, you would not begin by having the class mimic ancient recipes and antique
techniques from 10,000 years ago — you would teach modern bread-making techniques and
follow modern recipes that have had the benefit of thousands of years of scientific and culinary
progress. Math is the same way. One of our first definitions in this set of notes will be that of an
abstract vector space, but this notion only arose after hundreds of years of messy mathematical
discovery in systems of linear equations, the study of matrices, and even physics.

With that being said, while learning math from a modern perspective is important for the
sake of the theory, it can obfuscate the underlying history and context. It is hard to appreciate
the power and beauty of the notion of a vector space without understanding the hundreds
of years of discovery that preceded its inception. Speaking from personal experience, I have
found it difficult to learn and appreciate a mathematical theory without knowing the story of
why it exists. Thus, I hope to give some interesting historical context for our brand of modern
abstract linear algebra in this (optional) section.

Egyptian, Babylonian, and Chinese methods (2000 BC — 200 BC)

The history of linear algebra, unsurprisingly, begins with the desire to solve linear equations.
Systems like

2r+y =38
3r —y=2

are natural in both practice (solving problems relating to commerce or measurement) and in
theory, and ancient Egyptian, Babylonian, and Chinese mathematicians were studying solu-
tions to systems like this as far as 4000 years ago. Of course, none of these cultures had access
to the algebraic notation or manipulations that we have today, so they would have expressed
the problems and solutions in a much different format. For example, an Egyptian document
called the Rhind Papyrus, dating back to 1650 BC and discovered in the mid 1800’s [ ],
stated problems mostly verbally and with hieroglyphics from right to left. Linear equations
were solved using the method of false position, which is essentially a “guess and check (and
adjust accordingly)” method. This is also indicative of how the Babylonians solved simple
systems of equations [ I

Across the world, Chinese mathematicians were busy composing a book now known in
English as The Nine Chapters on the Mathematical Art, completed in 200 BC, which is as impor-
tant to the history of mathematics in the east as Euclid’s Elements is in the west [ ]. In
the eighth chapter, there is a theory of “rectangular arrays”, which is a prototype for solving
systems of linear equations using only the coefficients — a precursor to Gaussian elimination,
nearly 2000 years before the technique was developed in modern form in the west. The Nine
Chapters on the Mathematical Art contains systems of equations as complicated as three equa-



tions with five unknowns.

Early linear algebra in the west (1600 — 1850)

It should be emphasized that the coherent theory of linear algebra as we know it now did not
start as a coherent theory. That is, it was not the case that a group of mathematicians sat around
and thought up the basic ideas and concepts of linear algebra and then figured out all of the
different ways they could apply it. No classical mathematical theory began this way. Instead,
the theory developed in the opposite direction. People from all walks of mathematical life
developed techniques and theories to solve (at the time) unrelated problems, and only after
hundreds of years did these converge into a coherent theory. In particular, there was a flurry
of activity in Europe in the 17th and 18th centuries that birthed many linear algebraic ideas
that are very familiar to us now.

Systems of equations

In the mid 1700’s, Swiss mathematicians like Gabriel Cramer were interested in geometric
questions related to curves in the plane [ ]. For example, one could consider a general
degree 2 curve in the (z, y)-plane given by the equation

A+ Bz +Cy+ Da* + Exy+ Fy?> =0

for various choices of numbers A, B, C, D, E, F. Different choices of these numbers will yield
different equations and thus different curves drawn in the plane. For example, choosing A =
—1, D =1, F =1, and setting the rest of the constants to be 0 gives the equation

—14+2*+y* =0
which cuts out the unit circle. Or, setting C' = 1, D = —1, and the rest to be 0 gives
Yy — 2 =0

which is a parabola. Cramer was interesting in the following question: How many prescribed
points are required to uniquely describe a degree 2 curve? For example, suppose we pick two
of our favorites points, P = (—1,0) and @ = (1,0). Do these two points uniquely determine a
degree 2 curve passing through them? The answer is no. For example, the distinct curves

—14+y—2*=0 and — 1422492 =0

both pass through P and @. In 1750, Cramer published a paper that more-or-less described a
general solution to this problem for any degree, not just 2. For the case of a degree 2 curve, he
started out by assuming F' = 1, which is reasonable due to certain symmetries of the equation,
so that he was considering curves of the form

A4+ Bz +Cy+Da’>+ Exy+vy>=0
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He then deduced that if you generically prescribe 5 points

(33171/1)7 ceey (x57y5)

in the plane, there will be a unique such curve degree 2 curve passing through them. He
did this by plugging in each (z;,y;) into the above equation to generate a system of 5 linear
equations with 5 unknowns, A, B,C, D, E:

A+ Bz1+ Cyi + Da? + Exqy1 + y3 = 0

A+ Bas + Cys + Dz + Exgys +y2 =0

Cramer’s contribution was the development of a technique — now known as Cramer’s rule —
to determine when and how such systems could be solved.

For various other reasons, the systematic study of systems of linear equations was also un-
dertaken and further developed by mathematicians like Euler and Gauss in the late 1700’s and
early 1800’s [ ]. Euler was the first to study systems that did not necessarily admit unique
solutions, and Gauss developed what we now know as Gaussian elimination, the successor to
the methods of ancient Chinese mathematicians, in an 1811 paper that studied the orbits of
asteroids.

Determinants

FINISH

Matrices

FINISH

1.3 Acknowledgements

The overall organization of Part I of this text is partially indebted to the official textbook for
Math 115A at UCLA, which is Linear Algebra by Friedberg, Insel, and Spence [ ]. T also
owe an acknowledgement to Linear Algebra Done Right by Axler [ ], which was a source
of inspiration for many of the exercises here and is one of the standard references for linear
algebra at this level. Likewise, I'll give a shout out to John Alongi and his unpublished set of
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Chapter 2

Vector Spaces

I want to begin by describing the mindset you should be in when approaching linear algebra
at this level. If you are reading this, you have already studied a certain brand of linear algebra,
along with many other topics in math — calculus, statistics, geometry, differential equations,
etc. I want you to formally forget everything you've ever learned about math. Forget that
you've learned calculus; forget that you know what a matrix is. Forget even basic algebra, like
multiplication and division. In fact, forget even the concept of a number! Pretend you know
nothing about mathematics. We are going to wipe the slate nearly clean and build a theory
of linear algebra from the ground up. This includes developing simple concepts like that of
numbers and addition and algebra.

Of course, I don’t actually want you to forget everything you've ever learned, and I will
make reference to topics in calculus other areas of math throughout the notes. Don’t take this
too literally. This is purely formal, and to get you in the right mindset. I want you to secretly
remember all the math you know, but on the face of it you should approach the subject like we
are building an abstract theory from first principles.!

With this in mind, recall that in the introduction I described linear algebra as the study
of vector spaces and their transformations. Our first order of business is to define the notion of a
vector space — what I previously referred to as simply an abstract universe in which you can do
linear algebra — and study its properties. However, the notion of a vector space encapsulates
a great deal of algebraic data in various levels. Because we have wiped the slate clean, we
have some preliminary mathematical concepts to build before we can get to vector spaces. In
particular, we need some notion of a “number system” that resembles the number systems that
you are (secretly) familiar with: the real numbers, the rational numbers, the complex numbers,
and so on. The abstract redevelopment of these concepts for our wiped-clean mind (or our
alien friend) will lead us to the notion of a field. Fields are the basic building block of vector
spaces, and they will be the star of the first section of this chapter.

! Another description of this mindset that I sometimes give is as follows. Pretend that Earth was visited by some
bizarre alien being from a faraway galaxy in which there is no concept of math, at all. No numbers, no algebra,
nothing. Also suppose that this alien being is highly intelligent and can speak English. The alien being says to
you: “I've heard about this wonderful thing called linear algebra. Please develop this theory for me as rigorously as
possible.” To calibrate your exposition, you ask the alien what it knows about math. Does it know how to take a
derivative? “Never heard of it.” Does it know how to solve quadratic equations? “What does this word quadratic
mean?” Does it know what 2 + 2 equals? “What is this symbol ‘2"?” You soon realize that, although the alien is
intelligent and capable of logical reasoning, it has no knowledge of any concept in math. So, you really need to
start from the very beginning.

13



2.1 Fields

Before we even discuss fields, I want to introduce you to some notation and basic concepts
that will be central to this set of notes, linear algebra, and math as a whole. Even though I
suggested that you tactfully forget everything you've ever learned about math, I will assume
that you are somewhat familiar with basic set theoretic notions to some extent. For this reason,
the first subsection below will be on the brief side and generally will not resemble the rest of
the text. For a more thorough development of these notions, I suggest consulting Chapter 1 of

[ I
2.1.1 Sets

One of the most fundamental objects of interest in all of math is that of a set. A set is just a
collection — possibly infinite — of things. For example,

S1 ={1,2,—-400}
is a set consisting of the numbers 1,2, and —400. As another example,

Sy = {-7 :)777}

is a set consisting of the color blue, a smiley face, and the number 7. Believe it or not, this is
perfectly valid mathematical set.

Set notation.

For larger sets that are hard to write down explicitly, we will sometimes use the following
notation:

Sz = {n | nisapositive, even number }.

This notation is read as follows: S3 is the set consisting of elements of the form n, such that n is any
positive, even number. The vertical bar is read as “such that”, and the stuff after the vertical bar
is a set of conditions that all elements of the set must satisfy. Unraveling the set S3 above, this
means that

Sz = {n | nisapositive, even number } = {2,4,6,8,... }.

We use the symbol € to indicate if something is an element of a set. For example, recall the set
S1 =1{1,2,—400} from above. We could write

2€ Sl
because 2 is an element of S;. We could also write
3¢5

because 3 is not an element of S;. The objects of sets can even be as complicated as sets them-
selves: for example, we could write

1,2} ¢ {-,w, (1,2}, —34} .

14



Unions and intersections.

We can define operations on sets. For example, if A and B are sets, then we define

AUB:={x|zcAorz e B},
ANB:={z|xz€Aandx € B}.

The first is the union of the sets A and B, and the second is the intersection. For example, using
S7 and S5 from above,

S1US3 ={-400,1,2,4,6,8,...}
S1 N Ss ={2,-400}.

The empty set, denoted (), is the set consisting of no elements. That is, § := { }. Thus, we could
write
S1NSy=0.

When two sets have empty intersection, we say that they are disjoint.

We can also discuss subsets. In particular, if A and B are two sets, then we say A C B
(or A C B, both notations confusingly mean the same thing) if every element of A is also an
element of B. For example,

{4,6,e} C {4,6,¢,10,24}.

One thing that you will have to do often in linear algebra, and in life, is show that two sets are
the same. The following is a fundamental principle in math.

Principle 2.1.1. To show that A = B, you should separately show that A C Band B C A.

Here are some important sets that you are (secretly!) already familiar with.

N := {z | z is a natural number } = {0,1,2,3,...}
Z:={xz|zisaninteger } = {...,—2,-1,0,1,2,...}

R :={z | x is a real number }
Q :={ x| z is a rational number } = {p ‘p,qEZ,q;«éO}
q

C:={z|xisacomplexnumber} = {a+bi|a,beR}.

2.1.2 Fields

Some sets are just simple collections of elements with no extra structure. Other sets naturally
admit an extra amount of structure and interaction (i.e., algebra.) For example, in the set of
integers, Z = {...,—2,—-1,0,1,2,... }, we are (secretly!) familiar with the algebraic operations
of addition (+) and multiplication (-). That is, given two elements n,m € Z, we can construct
a third element n + m € Z by adding them together, and likewise a fourth element n - m € Z.
Furthermore, these algebraic operations obey a handful of rules (commutativity, distribution,
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etc.) that you learned when you were little.

In contrast, consider the set Sy = {-, :),m} from before. We don’t have any familiar
algebraic structure on this set, so for now it will be just be an unstructured collection of random
elements.

Recall, again, that you have formally forgotten any notion of algebraic structure. Currently,
all we have at our disposal is the notion of a set. We wish to do algebra, and so it is up to us to
define the correct notions of algebra. In other words, we get to impose our own algebraic rules
on an arbitrary set. An important example of this construction is the notion of a field

In 115A there is a particular type of set called a field that will be of utmost importance. It is
a set with two operations that satisfy a bunch of rules. I'll give you the formal definition, and
then we’ll look at some examples.

Definition 2.1.2. A field is a set F with two operations, addition (4) and multiplication (),
that take a pair of elements x,y € F and produce new elements = + y,x - y € F. Furthermore,
these operations satisfy the following properties:

(1) Forall z,y € F,
T+y=y+zx and TYy=1y-T.

(2) Forall z,y,z € F,

(x+y)+z=x+(y+2) and (x-y)-z=z-(y-2)

(3) Forall z,y,z € F,
z-(y+z2)=z-y+ax--z.

(4) There are elements 0,1 € FF such that, for all z € F,
O+z==x and 1-z=ux.

The element 0 is called an additive identity and the element 1 is called a multiplicative
identity.

(5) For each z € F, there is an element 2’ € F, called an additive inverse, such that z+2' = 0.
Similarly, for every y # 0 € T, there is an element ¢’ € F, called a multiplicative inverse,
such thaty -y = 1.

Remark 2.1.3. Property (1) is called commutativity of addition and multiplication, property (2) is
called associativity of addition and multiplication, and property (3) is called distributivity of mul-
tiplication over addition. 1'll emphasize that these properties do not comprise a theorem, or a
claim about something you already know. We are defining the concept of algebra by arbitrar-
ily imposing these conditions on our given set F.

Example 2.1.4. The main example of a field that you are (secretly!) familiar with is R, the set
of real numbers, with the usual operations of addition and multiplication. All of the above
properties should look familiar to you, precisely because they are modeled after the behavior
of R. Throughout abstract linear algebra we will work with abstract fields I, but when you
read the symbol “F” you can (usually) pretend this is something like “R” instead.
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Example 2.1.5. Other familiar examples of fields are Q and C; the exercises will define multi-
plication and addition on C, in case you have not seen this before.

Example 2.1.6. The set of integers, Z, with the usual operations of addition and multiplication,
is not a field. Almost all of the field properties are satisfied, except for the multiplicative inverse
property. In particular, it is not the case that for any y # 0 € Z, there is a y € Z such that
y -y = 1. For example, the element 2 € Z does not have a multiplicative inverse. We (secretly)
know that such a number would have to be %, but that number doesn’t exist in Z. Similarly, N
is not a field. Not only does N not in general have multiplicative inverses, but it also doesn’t
have additive inverses!

Example 2.1.7. Here is an example of a field that you may not have seen before. Let Fo := {0,1}
be the set consisting of 2 elements, 0 and 1. Define addition in the following way:

04+0:=0

0+1:=1

1+1:=0
and define multiplication as follows:

0-0:=0

0-1:=0

1-1:=1

I claim that 5 is a field! I won't verify all of the properties here (that will be an exercise),
but I will point out the most interesting aspect: each element has an additive inverse (the
additive inverse of 0 is 0, and the additive inverse of 1 is 1), and each nonzero element has a
multiplicative inverse (the multiplicative inverse of 1 is 1).

2.1.3 Properties of fields

Next, we will prove some basic properties of fields. Not only will this build up the theory of
tields, but it will be our first exposure to writing proofs and communicating mathematics in a
professional and rigorous way.

There are many algebraic operations in fields that will (secretly!) be familiar to you, as they
will mimic the algebraic rules you learned when you were a baby. But remember — we have
formally forgotten everything we have ever known about math, so we must first prove all of
these properties using the definition. For example, you (secretly!) know that in an algebraic
equation, if you have the same term that appears on both sides then you can “cancel it out.” I
didn’t say anything about this property in the definition of a field! It turns out that you can do
this in an abstract field, but we have to prove that we can do so first.

Proposition 2.1.8 (Cancellation laws). Let F be a field. Let z,y, z € F.
(i) Ifr+y=x+z theny = z.

(ii) Ifv-y=a-zand x # 0, then y = z.
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Proof. First, we prove (i). Suppose that x+y = z+z. By existence of additive inverses (property
(5) in the definition of a field), there exists an element 2’ such that z + 2’ = 0. Adding 2’ to both
sides of the assumed equality gives

o'+ (x+y)=a"+ (v +2).
By associativity of addition in a field, this is equivalent to
(@ +2)+y= (2 +2)+ 2.
Using the fact that 2’ + 2 = 0, we have
0+y=0+2 andthus y=z.

Next, we prove (ii). Suppose that z -y = = - z and = # 0. By the existence of multiplicative
inverses, there is an element =’ such that 2’ - z = 1. Multiplying both sides of the assumed
equality by 2z’ gives

2 (xoy)=2"(z-2).

By associativity of multiplication, it follows that
(@ -z)-y= (2" 2) 2
and thus 1 -y = 1 - z. This implies y = z, as desired. O

As a corollary of this result, we can prove another fact that you have likely already taken
for granted. Note that in the definition of a field, I never said anything about there only being
one element called “0”, or only one element called “1”. In the number systems that we are
used to, there is of course only one of each. But a priori, the definition of a field allows for
the possibility that there are multiple 0 elements and multiple 1 elements. Fortunately, we can
definitively prove, using the above properties, that these elements are unique.

Corollary 2.1.9. The elements 0 and 1 in a field are unique. That is, there is only one element satisfying
the additive identity property, and only one element satisfying the multiplicative identity property.

Proof. Suppose that 0’ € F is another additive identity, so that 0' + = z for all z € F. Then
since 0 + x = x, we have
0+z=0+x

for all z € F. By the previous proposition, it follows that 0 = 0.
Similarly, suppose that there is an element 1’ € F such that 1’ - z = z for all z € F. Then
since 1 - x = x, we have

1 z=1-z

for all z € F. In particular, we may choose « = 1. By the previous proposition, it follows that
1=1. O

This proof is the first instance of the following general mathematical principle. You will
encounter this multiple times over the course of these notes, and you will also be asked to
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execute this principle yourself.

Principle 2.1.10. To prove that an object  is unique, assume that you have another object
+’ that satisfies the same properties. Then show that x = «'.

Using this principle, we can prove a similar statement on the uniqueness of multiplicative and
additive inverses.

Corollary 2.1.11. For each x € F, the element ' satisfying x + x’ = 0 is unique. If x # 0, the element
x satisfying «’ - © = 1 is unique.

Proof. Exercise. O

These corollaries allow us to talk about the additive identity, the mutliplicative identity,
the additive inverse of an element, etc. Furthermore, we can make the following notational
definition.

Definition 2.1.12. Let IF be a field, and let = € F. The unique additive inverse of z is denoted

. . . . . . . —1 1
—x, and the unique multiplicative inverse (if = # 0) is denoted x™ or .

We continue by proving more familiar properties of real numbers that are true in the gen-
eral setting of fields.

Proposition 2.1.13. Let IF be a field, and let x,y € F. Then
(i) 0-x=0,
(i) (-x)-y=z-(-y) = —(z-y),
(iii) (—z)-(—y) =2y,
(iv) and 0 has no multiplicative inverse.

Proof. Exercise. O

We can also now define the notions of subtraction and division in a field, more things that
you've taken for granted!

Definition 2.1.14. Let F be a field. For z,y € F, define
r—y:=2x+(—y).

Similarly, if y # 0, define

T 1
— =z —.
Y Y

I'll repeat one last time that the point of this section is to abstractly re-develop the concept
of a number system from the ground up. We formally forget everything we knew about the
real numbers, algebraic manipulation, or even basic concepts like addition and multiplication.
Thus, we begin with a raw collection of elements (a set) and we impose our own axioms of
algebra on this set, leading to the completely abstract notion of a field. This abstract notion
of a field generalizes familiar number systems like R, Q, and C, and it also leads to some
surprising new structures like the field with two elements F, = {0, 1}.
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Exercises

1. For each of the following statements, say whether it is true or false. If a statement is true,
prove it. If a statement is false, provide an explicit counter example.

(a) For all subsets A, B, C of some larger set X,
AN(BUC)=(AnB)uUC.
(b) For all subsets A, B, C of some larger set X,
AN(BUC)=(ANB)U(ANnCQO).

(c) Let {A1, As, A3, ...} be an infinite collection of sets (so that each A, is a set). If
A, N A, # 0 forall n,m > 1, then

) An #0.
n=1

2. LetC = { a—+ bi | a,beR,i?=-1 } be the field of complex numbers with addition de-
fined as
(a1 + b17) + (ag + boi) == (a1 + a2) + (b1 + b2)i

and multiplication defined as
(a1 + bli)(GQ + bQi) = (a1a2 — blbz) + (a1b2 + Gle)’i

Suppose that a + bi # 0. Prove that the multiplicative inverse of a + bi is

a b .
- 1.
a?+ b a®+4b?

3. For each of the following sets, determine whether it is a field. If it is, prove it. If it isn’t,
explain why.

(a) The set R? = { (x,7) | x,y € R} with addition defined as
(z1,91) + (22,92) == (21 + Y1, 22 + ¥2)
and multiplication defined as
(x1,31) - (w2, 42) := (21 - T2, 41 - ).
(b) The set of n x n matrices with real entries
M, (R) :={A| Aisann x n real matrix }

with addition defined as usual matrix addition, and multiplication defined as ma-

trix multiplication.
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10.

11.

12.

(c) The set of n x n invertible matrices with real entries
GL,(R) :={A| Aisann x n invertible real matrix }

with addition defined as usual matrix addition, and multiplication defined as ma-
trix multiplication.

. Verify that Fo = {0, 1} as defined in this section is a field.

Verity the rest of the field axioms for the complex numbers C.
Let F be a field and let x, y € F. Prove that if z - y = 0, then either x = 0 or y = 0.

Let D,,(F) be the set of diagonal n x n matrices with entries in a field F. Define addition
in the usual way, and define multiplication as matrix multiplication. Is D, (F) a field?
How is this question different than 3(b) and 3(c) from above?

Let F be a field, and let z € F. Prove that the element 2’ satisfying = + 2’ = 0 is unique. If
x # 0, prove that the element 2/ satisfying « - 2’ = 1 is unique.

Let FF be a field. Prove the following statements.

(@ Forallz € F,0 -z =0.
(b) Forallz,y € F, (—z) -y =z (-y) = —(z-y).
(c) Forallz,y € F, (—x) - (—y) =z - y.

(d) The additive identity 0 has no multiplicative inverse.

Let I be a field with finitely many elements. Prove that there is a smallest nonzero num-
ber p € N with p > 1 such that

14+1+--+1=0.
——

p times
Let IF be a field with finitely many elements, and let p be the smallest number such that

14+1+---+1=0.
——

p times

(See the previous problem.) This number is called the characteristic of a finite field. Prove
that the characteristic of a finite field must be prime.

Let p be a prime number and let F,, := {0,1,2,...,p — 1}. Define addition and multipli-
cation in the usual way modulo p, that is,

Tty =r

where r € I, is the unique number such that x + y = p + r (in this last equality, addition
is the usual addition). Similarly,

Toy:=r
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13.

14.

15.

16.

where r € [F), is the unique number such that = - y = np + r for some n. For example, if
p=>5then24+3=0,4+4=3,and3-3=4.

(a) Prove thatIF, is a field.

(b) Prove that if £ is not prime, then the set [}, defined as above (with £ in place of p) is
not a field.

Can you find a field with 4 elements?
Can you find a field with 6 elements?

Consider the following set of Laurent polynomials:

N
S:{ Z anx"

Define addition and multiplication in the usual way. Is S a field? (Hint: think about the
element1 4+ 2z € S.)

aneR,N,MeN.}

It is easy to construct a field with a prime number of elements by simply doing modular
arithmetic (see the above exercises). If k is not prime, however, modular arithmetic will
not produce a field of size k (again, see the above exercises). However, that does not mean
that all finite fields have a prime number of elements! It is possible to construct fields
with a non-prime number of elements, though in general this can be pretty complicated.
In this exercise, I will cryptically walk you through the construction of a field with 9
elements.

(a) We'll begin by considering F5 = {0, 1, 2}, the field with 3 elements, where arithmetic
is modular. If you haven’t done this already, prove that [ is a field.

(b) Next, we will consider polynomials with coefficients coming from F3. For example,
p(z) = 223 + x + 1 is a valid polynomial with coefficients in F3, while ¢(x) = w2? —
4.3z + 7is not.

Consider the polynomial p(z) = 2 + 1 as a function on F3. Prove that p(z) does not
have any roots, and conclude that p(z) cannot be factored over Fs3. In other words,
show that p(0) # 0, p(1) # 0, and p(2) # 0.

(c) Next, we will define a set Fg as follows.
ng{a+ba:]a,b€IF'3}.

Prove that Fg has 9 elements. List them all out.

(d) Prove that the equation 22 +1 = 0 is equivalent to the equation z? = 2, when viewed
over Fg.
(e) Next, we define addition and multiplication on Fg. In words, addition and multi-

plication is defined in the usual way for polynomials, except anytime you get an 2

you replace it with 2. To be explicit, define
(a+bzx)+ (c+dz):=(a+c)+ (b+d)x
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and
(a+bx) - (c+ dx) := (ac + 2bd) + (ad + bc)z.

(f) Compute the product (1 + 2x)(2 + ).
(g) Prove that Fg with addition and multiplication defined above is a field. (The main
thing to do is verify that every nonzero element has a multiplicative inverse.)

(h) This is an intentionally vague and hopefully provocative question. Do you notice
any similarities between this exercise and the construction of the complex numbers?

2.2 Vector spaces

Equipped with the notion of a field, we can now define the notion of a vector space. These are
the central objects of interest in linear algebra. Just as a field is an abstraction of R, a vector
space will be an abstraction of our understanding of R". Also like fields, a vector space will just
be a raw set equipped with a handful of algebraic axioms, though in a more intricate fashion
than in the definition of a field. In particular, to every vector space there is an associated field
[F that interacts with the vector space in a special way.

Definition 2.2.1. A vector space over a field I, also referred to as an F-vector space, or simply
a vector space if the field IF is clear from context, is a set V' with two operations, addition (+)
and scalar multiplication (-), the first of which takes a pair of elements v, w € V and produces
a new element v + w € V, and the second of which takes an element A € F and an element
v € V and produces a new element \ - v € V. Moreover, these operations satisfy the following
properties:

(1) Forallv,w e V, v+ w =w + v.

(2) Forallu,v,w eV, (u+v)+w=u+ (v+w).

(3) There exists an element 0 € V such that v+ 0 =wv forallv € V.
(4) For each v € V, there is an element v’ € V such that v +v' = 0.
(5) Forallv e V,1-v=n.

(6) Forall \,y e Fandv €V,
(A-p)-v=X-(pu-v).

(7) Forall A e Fand v,w € V,
A(v+w)=X-v+ X\ w.

(8) Forall\,py e Fandv €V,
A+p)-v=Xv+pu-v.

Remark 2.2.2. An important but subtle point is that the operations that define a vector space
are distinct from those that define a field. For example, in (6) in the definition above, there are
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two completely different types of multiplication happening on each side of the equation. For
example, in the expression

(A-p)-v

the multiplication in the parantheses is the multiplication operation in the field F. The second -
represents scalar multiplication in the vector space V, which is a completely different operation.
In contrast, in the expression

A (p-v)

both multiplication operations are scalar multiplication in the vector space V. As another ex-
ample, in (8) above there are two completely different addition operations occurring. On the
left hand side, the addition operation in

(A+p)-v

is the addition in the field F (and the multiplication is the scalar multiplication in the vector
space). On the right hand side, the addition operation in

Av+p-v
is the addition operation in the vector space, not in F.

Definition 2.2.3. A vector is an element of a vector space.

I will continue to make annoying philosophical remarks about definitions like this, because
I believe they are crucial for keeping all of this content organized correctly in your mind. You
have formally forgotten all math you've ever learned, so the word “vector” means nothing to
you. The word “vector” doesn’t refer to an arrow, because you don’t what arrows are. It also
doesn’t refer to a tuple or column of numbers like (1,5, 6), because at the moment you don't
know what these things are. Now that we have defined the notion of a vector space, we define
the word “vector” to simply mean “an element of an abstract vector space.”

Example 2.2.4. The set
I

is a vector space over R with addition defined as

x1 Y1 1+
. + — .
In Yn Tn + Yn

and scalar multiplication defined as

T )\'l’l

T, ATy,
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All of the above vector space axioms are the usual familiar algebraic rules in R". Note that

we will also refer to element of R™ as (x1,...,z,) when convenient. The difference between
(x1,...,2,) and the column version is purely notational, and they are defined to mean the
same thing.

Example 2.2.5. More generally, we can consider

r1
F" = Tj cF

Tn
where F is any field. Then F" is a vector space over F with addition defined as
1 (4 1+ %
In Yn Tn + Yn

and scalar multiplication defined as

Example 2.2.6. To give an explicit version of the above example, consider the field Fy = {0,1}
and the vector space 3. We can actually entirely list out all elements of this vector space.

0 1 0 0 1 1 0 1
Fs=<S1{ol.lof|,|x].(of,]2],(of.,]1], (1
0 0 0 1 0 1 1 1
Then, for example,
0 1 140 1
11+|1]l=]1+1]={0
1 0 1+0 1

The abstract “0” element in F3 is the vector (0,0, 0).

Example 2.2.7. For this example, you can use the fact that you (secretly) remember what a
matrix is. Let
Myxn(F) := { A | Ais an m x n matrix with entries in F }.

Define addition in the usual way: if A, B € M, «,(F), then
(A + B)” = Ai]‘ + Bzy

Here, A;; is the (i, j)-th entry of the matrix A. Likewise, define scalar multiplication for A € F
and A € M, x,(F) as
()\A)U = AAU
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Then M, (IF) is a vector space over F. Again, I won't verify all of the properties here, but
these are the usual algebraic operations on matrices that you already know. The zero matrix
0 € My, xn(F) satisfies (3) in the definition of a vector space.

Example 2.2.8. We can endow C with the structure of a vector space in a few ways. First, With
the usual operations of complex addition and multiplication, C is a vector space over C. (In
this case, both field multiplication and scalar multiplication in the vector space are given by the
usual multiplication of complex numbers).

Example 2.2.9. We can also endow C with the structure of a real vector space; that is, a vector
space over R. This time, scalar multiplication for A € R and a + bi € C is defined as

A (a+bi) = Aa + \bi.

This is a different vector space structure than in the previous example, though we will have to
wait until later in this chapter to understand why these are different vector space structures
(besides being over different fields).

Example 2.2.10. In general, if F is a field, then IF is a vector space over F.

Example 2.2.11. Let S be a set, and let F be a field. Define
F(S,F):={f:S5 —F}.

The notation f : S — F means a function f whose domain is S and whose codomain is F.
That is, f is an object that eats elements of the set S and returns values in the set F. To define
addition of elements f, g € F(S,F), we need to define a new function f + g € F(S,F). We do
this by describing what the new function f + g does to any element s € S:

(f +9)(s) == f(s) + g(s)-

Similarly, define scalar multiplication of A € F and f € F(S,F) as

(AS)(8) == Af(s)-

Then F(S,F) is a vector space over F. In the exercises, you will verify this for a very similar
vector space.

Just like with fields, there are multiple algebraic operations and techniques that hold in
vector spaces, like cancellation laws. Also as with fields, we have to prove that these laws are
true — I said nothing about such things in the definition of a vector space.

Proposition 2.2.12 (Cancellation law). Let v be a vector space, and let w,v,w € V. Suppose that
u+v=u+w Thenv=w.

Proof. Exercise. O
Corollary 2.2.13. In a vector space, the element 0 is unique. Likewise, for each v € V, the element

v' € V satisfying v + v’ = 0 is unique.
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Definition 2.2.14. Let v € V. Define —v € V to be the unique element satisfying v + (—v) = 0.

As in a field, we can then define subtraction in a vector space using the previous definition:
v —w := v+ (—w). Note that there is no such thing as division of vectors in a vector space!
This is because there is no notion of vector multiplication (only scalar multiplication).

Proposition 2.2.15. Let V' be a vector space over a field F.
(i) ForeachveV,0-v=0.

(ii)) Foreachv € Vand X\ € T,

(iii) Foreach A€ F, \-0=0.
Proof.
(i) Exercise.

(ii) Recall that —(\v) is the unique element in V such that Av + —(Av) = 0. Note that
Ao+ (=A)v=(A+ =A)v
by property (8) in the definition of a vector space. But A + —A = 0in [, so
A+ (=A)v = 0v = 0.

The last equality follows from (i). By uniqueness of —(\v), it follows that (—\)v = —(\v).
Setting A = 1 gives (—1)v = —v. Thus,

AM=v)=A-((-1)-v)=A-—1)-v=(=A)v

where in the second equality we have used property (6) in the definition of a vector space.
This completes the proof that

(iii) Exercise, similar to (i). Note that the 0 in this statement in the vector 0 € V/, not the scalar
0 eF!

Exercises

1. Let F be a field and let V = { (z,y) | z,y € F }. Define addition in the usual way as

(w1,91) + (z2,92) = (71 + 22,91 + ¥2),
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and define scalar multiplication as

Az, y) = (A, y).
Is V' a vector space over F?

2. Prove that the 0 vector in a vector space is unique.

3. LetV:={f:R—=R| f(—x) = f(x) }. Define addition as

(f +9)(x) = fz) + g(x)

and define scalar multiplication as

(Af)(@) == Af(@).
Prove? that V' is a vector space over R.

4. For each of the following statements, say whether it is true or false. If a statement is true,
prove it. If it is false, explain why and/or provide an explicit counter example.

(a) The set of integers Z is a vector space over R.
(b) The set of integers Z is a vector space over Z.
(c) The set F3 can be made a vector space over R.

(d) Every nontrivial® vector space has infinitely many elements.
5. Let IF be a field and let
P(F):={ap+aix+---az" |[neN, aq; €F}

be the set of polynomials with coefficients in . Define addition of polynomials and scalar
multiplication in the usual way. Verify that P(FF) is a vector space over F. Be careful to
observe that the polynomials don’t have a fixed degree!

6. Let F be a field. Let E C F be a subset of F such that E is also a field with the same
operations as in F. Prove that IF is a vector space over E. (This implies that C is a vector
space over R, R is a vector space over Q, etc.)

2.3 Subspaces

Whenever you define a mathematical object (like a field, or a vector space, or a manifold, or a
category, whatever those last two things are), there are two natural ways to investigate it:

o Study subsets of your object that “respect the structure” of the object.

%Yes, you do have to verify all of the vector space axioms. Yes, I know this is annoying and tedious — but it's a
rite of passage you need to go through, so be careful and thorough.
*Here, nontrivial means any vector space that isn’t just {0}.
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o Study the functions into and out of your object that “respect the structure” of your object.

I’'m being intentionally vague about what I mean by “respect the structure” so that I can phrase
this as a very general principle in mathematics. In any case, in this section we will start inves-
tigating the first of these principles with respect to vector spaces; the next chapter will be
devoted to the second principle.

To be less vague, in this section we want to identify certain subsets of vector spaces that
play nicely with the structure of the vector space. In particular, we want to consider subsets of
vector spaces that are themselves naturally vector spaces. It turns out that this will be an extremely
fruitful concept, as we can decompose a vector space into simpler pieces in a variety of ways.

Definition 2.3.1. Let V' be a vector space over a field F. A subspace of V is a subset W C V'
such that W is a vector space over F with the operations inherited from V.

Example 2.3.2. Let V' be a vector space. Then {0} C V and V' C V are both subspaces of V.

Note that, for any subset of a vector space, the axioms (1), (2), (5), (6), (7), and (8) in the
definition of a vector space automatically hold, because the subset inherits the operations of
V. Thus, to determine if a given subset W of V is a subspace, one needs to only verify that
addition and scalar multiplication are well-defined when restricted to the subset, along with

following axioms:
(3) There exists an element 0 € W such that w + 0 = w for all w € W.
(4) For each w € W, there is an element w’ € W such that w + w’ = 0.
In fact, we can identify subspaces in the following efficient manner.

Proposition 2.3.3. Let V be a vector space over F. A subset W C V is a subspace if and only if the
following three properties hold for the operations defined in V:

(i) 0e W,
(ii) ifv,w e W, thenv+w € W, and
(iii) if \€ Fand v € W, then \v € W.

Proof. First, assume that W C V is a subspace. Then since W is a vector space with the op-
erations inherited from V/, (ii) and (iii) automatically hold. Furthermore, since W is a vector
space, there exists an element 0’ € W such that 0' + w = w for allw € W. But 0 + v = v for all
v € V, so by the cancellation law it follows that 0 = 0’. Thus, 0 € W and so (i) holds.

Next, assume that (i), (ii), and (iii) hold. We wish to show that W is a subspace of V.
Because W inherits the operations of V/, it follows that (1), (2), (3), (5), (6), (7), and (8) auto-
matically hold in W in the definition of a vector space. Thus, we only need to verify (4), the
existence of additive inverses. Fix w € W. By (iii), (—1)w = —w € W, and thus w has an

additive inverse in W. Therefore, W is a subspace. O

Using these, we can easily identify more examples (and non-examples) of subspaces.
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Example 2.3.4. Consider the vector space M,,(FF) of n x n matrices with entries in a field F. Let
W C M, (F) be the set of all upper-triangler matrices, i.e.,

Note that the 0-matrix is upper triangular. Also, if A and B are upper triangular, then A + B
and AA are upper triangular. Thus, W is a subspace of M, (F).

Example 2.3.5. Consider the vector space M,(R) of n x n matrices with entries in R. Let
S C M, (F) be the set of matrices with nonnegative entries:

S:={Ae M,(R)|Ay; >0}

The set S is not a subspace because it isn’t closed under scalar multiplication. For example, if
A € M, (R) is any nonzero matrix, then (—1)A ¢ S.

Example 2.3.6. The intuitive notion of a subspace should familiar in the setting of R". Namely,
any hyperplane passing through the origin is a subspace. A hyperplane not passing through
the origin is not a subspace, in part because it doesn’t contain 0. A set like

S:{(x,y)ERz}y:xQ}

is not a subspace of R2, because it isn’t closed under addition or scalar multiplication (though
it does contain (0,0)). To be explicit, consider the element (1,1). Note that 1 = 1%, and so
(1,1) € S. However, 2(1,1) = (2,2),and 2 # 22,50 2(1,1) ¢ S. This implies that S is not closed

under scalar multiplication and thus is not a subspace.

The figure below depicts a subspace of R?, W, and two sets S; and S; that are not subspaces.

S1 R2

Sa

I should remark that this figure and the discussion above about subspaces in R" being hyper-
planes through the origin obviously does not literally apply in the setting of an abstract vector
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space. For example, subspaces in a weird finite vector space like ' could be described as cer-
tain lattices (as a fun challenge exercise, see if you can make sense of what I mean here), while
most subspaces of infinite-dimensional (whatever that means) vector spaces like F'(R, R) are
essentially impossible to draw at all. However, the great thing about linear algebra is that
the intuition you have in R? and R? usually applies to vector spaces in general. You have to
be careful, and things can be deceiving, but usually when I am working with abstract vector
spaces I am picturing R? and R? in my head. This is an important enough point to me that I
will state it as a vague principle. Over the course of these notes, you will see this principle rear
its head over and over again.

4 N
Principle 2.3.7. In abstract mathematics, you should always have a picture in mind, even
if it is not entirely representative of the abstract concepts. In particular, in linear algebra,
your intuition about R? and R? often generalizes correctly to statements about abstract
vector spaces.

(& J

Let’s continue by investigating how to produce new subspaces out of old subspaces. There
are two main operations on sets that we discussed earlier in this chapter, which are the oper-
ations of intersecting and taking unions. The former operation is a legitimate way to produce
new subspaces.

Proposition 2.3.8. Let V' be a vector space, and let W1, Wy C V be subspaces. Then Wi N Wy is a
subspace.

Proof. To prove that W; N W is a subspace, we verify the three conditions in Proposition 2.3.3.

i) First, since W7 and W5 are subspaces, 0 € W7 and 0 € Ws. Thus, 0 € W7 N Wa.
P

(ii) Next,letv,w € WiNWs. Since v, w € Wi, and since W is a subspace, we have v+w € W.
Likewise, since v,w € Wy and W3 is a subspace, we have v + w € Ws. Thus, v + w €
Wi N Ws.

(iii) Finally, letv € Wi NW3 and A € F. Since W, is a subspace and v € Wy, we have Av € W.
Likewise, since W is a subspace and v € W5, we have A\v € Ws.

By Proposition 2.3.3, W N W5 is a subspace. ]
In general, the union of two subspaces is not a subspace!

Example 2.3.9. Consider R?, and let W and W5 be the = and y axes, respectively. Then Wi UW>
is not closed under addition. For example, consider (1,0) + (0,1) = (1,1). We have (1,0) € W;
and (0,1) € Wy, so in particular (1,0), (0,1) € W; U W,. However, (1,1) ¢ W; U W because
(1,1) ¢ Wi and (1,1) ¢ Wy. Thus W; U W is not a subspace.

The figure below gives a visual depiction of the argument in the above example to show
why W7 U W is not, in general, a subspace. Note that W; U W5 below is simply the two lines
together, and nothing else.
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Exercises

1.

Let S be a (nonempty) set, and let F be a field. Consider the vector space F/(S,F) = {f :
S — F}. Fix so € S and define

W ={feF(SF)|f(s0)=0}
Prove that W is a subspace of F'(S,F).
Let F be a field, and consider the vector space F" = { (z1,...,2,) | ; € F }. Prove that
W={(z1,...,2n) €EF" |z1+ 290+ - +2,=0}

is a subspace of IF".

Let V be a vector space, and let Wi, Wy C V be subspaces. Prove that W; U W5 is a
subspace of V if and only if W; C W5 or W C W;.

Prove that a subset W of a vector space V' is a subspace if and only if 0 € W, and Av+w €
W whenever A € F and v,w € W.

Let C(R) C F(R,R) be the subset of continuous functions of F'(R, R), the vector space of
functions f : R — R. Prove that C(R) is a subspace.

Let F(R,R) be the (real) vector space of functions f : R — R. Is the set
W={feFRR)|f(z)<lforallz eR}

a subspace of F'(R, R)? If it is prove, it. If it isn’t, prove it.

. Let IF be a field with infinitely many elements. Let V' be a nonzero vector space. Prove

that V' has infinitely many elements.
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8. Prove that if I has infinitely many elements, then the only subspace of a vector space V'
with finitely many elements is {0}.

9. Can you find a vector space V with infinitely many elements and a nonzero subspace W
with finitely many elements?

2.4 Direct sums of subspaces

In the previous section we saw that the union of two subspaces is not, in general, another
subspace. However, a general theme in math is the desire to build new objects out of old. In
our case, we would like a way to combine two subspaces to produce a new one. This will lead
us to our first definition, which is that of the sum of two subspaces. This will naturally lead
into the main topic of this section, which is the slightly more refined notion of a direct sum.
Direct sums describe a vector space as a decomposition of subspaces.

First, we’ll consider the normal sum operation.

Definition 2.4.1. Let 51, S2 C V be subsets of a vector space V. The sum of S; and S, is
S1+ Sy = {81+82 ’ $1 € 51, 89 € SQ}.

Remark 2.4.2. Note that this definition is phrased in terms of subsets, not necessarily subspaces!
We will generally be interested in the sum of subspaces, but the definition holds in more gen-
erality.

Definition 2.4.3. A vector space V is the direct sum of two subspaces Wi, Wy C V, written
V =W1 & W, if W1 N Wy :{O}andW1+W2 =V.

Example 2.4.4. Consider the vector space R? and the following subspaces:

Wy ={(z,0) |z € R},

In words, these are the = and y axes, respectively. Fix any element (z,y) € R?. Then

(z,y) = (z,0) + (0,y).

Since (x,0) € Wy and (0,y) € W, this means that R? = Wj; 4+ W5. Moreover, note that
Wi N Wy = {(0,0)}. Thus, R? = W; & Wh.

More generally, if W; and W5 are any two non-parallel lines passing through the origin
in R?, then R? = W, & Wa. Even more generally and informally, you can think about direct
sums as being “completely non parallel” subspaces whose “dimensions” (which we haven't
formally defined yet!) add up to the “dimension” of the vector space.

Example 2.4.5. Let W; = {(z,0) | * € R} be the subspace of R? from above. This time, let
W4 = R2. Fix (z,y) € R It is still the case that, for example,

(z,9) = (2,0) + (0, y).
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Since (z,0) € W and (0,y) € W3, this means that R? = W; + WJ. However, it is not the case
that R? = W @ W), because Wi N W, = Wy # {(0,0)}.

An important point here is that the decomposition (z,y) = (x,0) + (0, y) from above is not
unique in this setting. For example, we could have also written (z,y) = (0,0) + (z,y). Then
(0,0) € Wj and (z,y) € Ws. We will return to this point shortly.

Example 2.4.6. Consider the vector space R?. Let

Wi ={(z,0,0) |z e R}
WQZ{(O7?/7Z)‘Z/7'ZER}
Wy ={(z,0,2) | z,z € R}.

In words, W is the z-axis, W» is the (y, z)-plane, and W3 is the (x, z)-plane. These are all
subspaces of R?. We will consider the interactions of each of these subspaces with respect to

the notion of sums and direct sums.

o First, consider W; and W,. We claim that R3 = W; @ W,. Indeed, note that any (z,y,2) €
R3 can be written
(z,y,2) = (£,0,0) + (0,9, 2)

where (,0,0) € Wy and (0,y, 2) € Wa. Thus, R3 = Wy + Wa. Since Wy NW, = {(0,0,0)},
it then follows that R3 = W; & Wh.

o Next, consider W7 and W3. We claim that W7 + W3 = Wj3, but it is not the case that
W5 is the direct sum of W7 and Ws. This last statement is immediate from the fact that
WinWs =W; # {(0,0,0)}, so it suffices to show that W; + W3 = Wj. First, note that
Wi € W3. Thus, ifv € Wi C W3 and w € W3, then v + w € W3 because W3 is a subspace.
This shows that W, + W3 C W3. The reverse inclusion is clear, because if w € W3 we can
always write w = 0 + w where 0 € W;. Thus, W3 = Wy + Ws.

¢ Finally, consider W5 and W3. We claim that R3 = Wy 4+ W4, but that it is nof the case
that R? is the direct sum of W5 and W5. Like before, this last claim is immediate from the
observation that Wy N W3 = {(0,0,z) | z€ R} # {(0,0,0)}. In words, the intersection
of the (y, z)-plane and the (x, z)-plane is the z-axis. Thus, it remains to show that R =
Wo + Ws. Let (9, 2) € R3. Note that

(z,y,2) = (2,0,0) + (0,9, 2)

and that (z,0,0) € Wy and (0,y, z) € Ws. Thus, (z,y, z) € Wa+ W3 and so R? = Wy +Ws.
Observe that, just like in the previous example, this decomposition is not unique. We
could also consider, for instance, (z,y,2) = (x,0,3) + (0,9, 5)-

Example 2.4.7. Consider the vector space F(R,R) = {f : R — R} of functions from R back to
itself. Define the following subspaces of even and odd functions:

Wi={feFRR)|f(-z) =z},
Wy ={f e F(RR)| f(~2) = —z}.
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We claim that F/(R,R) = W; 4+ Ws. To show this, let f € F(R,R). Define g,h € F(R,R) as

follows: F@) + f(—2) flx) = f(-=) ‘

5 and h(x) = 5

g(x) =
Note that f = g + h. Indeed,

g(z) + h(zx) = 5 + 5
_f@) | f@)
T Ty
= f(@).

Next, note that

so that h € Wy. Since f = g + h, this shows that F(R,R) = Wy + Wha.

Next, we claim that, in fact, F(R,R) = W; & W,. To prove this, it remains to show that
Wi N Wy = {0}, where 0 : R — R is the 0-function. To do this, suppose that f € W; N Wa.
Then f(z) = f(—z) and f(z) = —f(—=x) for all z € R. Thus, f(—z) = —f(—=z) forall x € R.
The only number satisfying this property is 0, and so f(z) = f(—x) = 0 for all z € R. Thus,
Wy N Wy = {0}, and therefore F(R,R) = W @ Wh.

The following proposition gives another perspective on the meaning of a direct sum.

Proposition 2.4.8. Let V' be a vector space and let Wy, Wy C V' be subspaces. Then V=W @& W if
and only if each element of v can be uniquely written as wy + wo for some w1 € Wi, we € Wa.

Proof. First, suppose that V' = W; & W,. Fix v € V. Since V. = W; & Wy, in particular
V = Wi + W5, and therefore there exists w; € Wy and ws € W, such that v = wy + wo.
We need to show that this decomposition is unique. To do this, suppose that there is another
decomposition v = w| + wy such that wy € Wy and wy € Ws. Then wy + wy = w) + w5,
which implies w; — w} = w) — wo. Because W, and W are subspaces (and hence closed under
addition), the left side of the equality is an element in W7, and the right side is an element in
Ws. So the equality represents an element of W; N Ws. But since V- = W @ W, we know that
Wi N Wy = {0}. Thus, w1 — wj = 0 = wh — we, and so w1 = w} and wy = w). Thus, the
decomposition v = w; + w is unique.

Next, suppose that Wy, W, C V are subspaces such that every v € V has a unique decom-
position v = wy + wy for some w; € Wy and wy € Wi, We need to show that V. = W @ Wa.
Since every element of v admits a decomposition v = w; + wo, it follows immediately that
V = W) + Ws. It remains to show that W; N W, = {0}. To do this, suppose that v = W; N Wa.
Note that

v=uv+0.

Since v € W; and 0 € Wy, this is a decomposition of v as wy + wy with wy = v and wy = 0. By
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assumption, this decomposition is unique. On the other hand, we can view
v=04+v

as a decomposition with wy = 0 € W and we = v € Wa. By uniqueness, it follows that v = 0.
Thus, Wi N W, = {0} and so V = W; & Wha. O

Remark 2.4.9. Note that, in the first direction of the proof above, we used Principle 2.1.10 to
prove that the decomposition was unique.
Exercises

1. Let W1, Wy C V be subspaces of a vector space V.

(a) Prove that W; + W5 is a subspace of V' that contains both W; and W5.
(b) Prove that any subspace of V' containing both W and W5 must also contain W7 +Ws.

2. Give an example of proper, nontrivial* subspaces Wy, Wy C R* such that R* = W, + W,
but that R* is not the direct sum of Wy and Ws.

3. Consider the vector space of polynomials of degree at most n with coefficients in a field
F:
Py(F):={ag+aix+ -+ ap2z" |a; €F}.

Define the following subspaces of P, (F):

Wii={a+aiz+---+a,z"|a;j=0if jiseven}

Wy :={ap+ax+---+anz"|a; =0if jis odd }.
Here, 0 counts as an even number. Prove that P, (F) = W; & Wh.
4. Give an example of subspaces Wy, W5, W3 C V of a vector space V such that
Wi+ Ws =Wy + W3

but that Wy # W.

5. Give examples of subspaces Wy, Wy C R3 such that Wy # R3, Wy # R3, Wy + Wy = R3,
but R? is not the direct sum of W, and Wh.

6. Recall that an n x n matrix A € M, (R) is symmetric if AT = A, where AT is the transpose
of A. A matrix is skew-symmetric if AT = — A. Define the following subspaces of M,,(R):

Wy ={AeM,R)| AT =A},
Wy:={Ae€M,(R)|AT =-A}.

Prove that M,,(F) = W1 & Wh.

*This just means you are not allowed to pick R* or {0} as subspaces.
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7. Recall that if A € M,,(R), then A;; is the (4, j)th entry of A. Let

be the subspaces of upper-triangular matrices and lower-triangular matrices, respec-
tively.

(a) Prove that M, (R) = Wy + Ws.
(b) Prove that M,,(R) is not the direct sum of W; and Wj.

2.5 Span and linear independence

In the previous section, I expressed the desire to build new subspaces out of old. More gen-
erally, it is desirable to have concrete ways of building subspaces by “generating” them. We
don’t want to have to write down all elements of a subspace explicitly, every time we want to
describe or construct a subspace.

For example, suppose we have some abstract vector space V over IF and a collection of three
vectors {v1,v2,v3} C V. Itis very unlikely that {v;, ve, v3} will be a subspace — for example,
we know that every subspace must contain the 0 vector. What if neither of our three vectors is
the 0 vector? More vaguely, subspaces tend to have many elements (in fact, unless F is a finite
field, a nontrivial subspace will always have infinitely many elements) because subspaces are
closed under addition and scalar multiplication. The question then becomes the following;:
How can we build a subspace using our initial collection {vy, v, v3}?

Well, since subspaces are closed under scalar multiplication, we know that, for example av;
would need to be in our hypothetical subspace for all a € F. Likewise with all scalar multiples
of vy and v3. Subspaces are also closed under addition, in our hypothetical subspace we should
further be able to add any scalar multiple of any of the v;’s together to get a new element of
the subspace. In other words, the property of being a subspace forces all of the elements of the
form

a1v1 + agvy + asvs
for aj, az,as € I to be in our subspace. This motivates the following definition.

Definition 2.5.1. Let V' be a vector space over a field F. A linear combination of vectors
v1,...,0 € V is an element of the form

a1+ -+ apvp €V

where a4, ...,a, € F.

In words, our previous discussion then suggests that if we have a collection of vectors
{v1,..., v} and we want to build a subspace using those vectors, our hypothetical subspaces
should contain all linear combinations of {vy, ..., v}

37



Example 2.5.2. Consider the real vector space R?. The element (1,6) € R? is a linear combina-

tion of (1,2) and (-1, 0):
2 0 6

Example 2.5.3. Consider the vector space F(R,R) of functions f : R — R. The element 2z +
3sinz is a linear combination of x € F(R,R) and sinz € F(R,R).

The following definition gives a name to the operation of taking all possible linear combina-
tions of a collection of vectors.

Definition 2.5.4. Let V be a vector space and let S C V be a subset. The span of .S, denoted
Span(5), is the set of linear combinations of all elements of .S:

Span(S) :={av1 +---+apvx | a; € F, v; € S}

If S = 0, then we define Span((}) := {0}.

Remark 2.5.5. There is a subtlety to this definition that is likely to fool you on first reading. In
the above definition, I am not suggesting that

S = {Ul,...,’uk}.

I repeat, this is not the case. For instance, the set S could have infinitely many elements. The
above definition says that to build the span of .S, you consider all possible (finite) linear com-
binations of finite sub-collections from S. For some clarification on this remark, see the next
example.

Example 2.5.6. Consider the vector space F(R,R), the set of all functions f : R — R. Let
S C F(R,R) be the subset
S={1,z,2%...}.

We want to consider Span(.S), the span of this set. Note that
2:14+3-2+7-2°° and  3-2°+25-2°+3.27

are both elements of Span(.S). The underlying vectors in the collection S that are used to form
the corresponding linear combinations are completely different for each. The first one is a
linear combination of 1, z, and 235, while the second is a linear combination of 23, 2°, and z”.
Finally, consider the expression

l+z+a®+--

or any similar expression consisting of infinitely many elements added together. This doesn’t
make sense! In a vector space, addition is a finite algebraic operation, and so you are only
allowed to add together finitely many elements. It would be incorrect to call the above ex-
pression a linear combination of elements a linear combination of elements of S. In fact, it is
incorrect to even write or consider an expression like this at all!

Example 2.5.7. Consider the vector space R? and the set S = {(1,0,0), (0,1,0)}. The span of S
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is geometrically described as the (z, y)-plane. Formally,

1 0
Span(S) =< a1 |0 | +az |1 ai,as € R
0 0
ax
= as ai,as € R
0

Next, we confirm that taking the span of a set of vectors is a way to build a subspace of a
vector space.

Proposition 2.5.8. Let V' be a subspace, and let S C V' be a subset. Then Span(.S) is a subspace of V.
Moreover, it is the smallest subspace containing S.

Proof. The case when S = () is trivial, so it suffices to assume that S is nonempty. First, we
show that Span(.S) is a subspace. Let s € S be any element. Then 0 = 0s € Span(S). Next, let
v, w € Span(S). By definition of the span, there exists si,...s; € Sand ay, ..., a; € F such that

UV =a181 + -+ aiSk-

Likewise, there exists s7,...,s;, € Sand af,...,a;, € F such that

’ » N

i /)
w= a5 + -+ a,s,.

Then
v+w=ays) + -+ agsp +ajsy + - +a,s),

and so v + w is a linear combination of elements in S. Thus, v + w € Span(S). Finally, let
v € Span(S) and A € F. As before, there exists s1,...s; € Sand ay, ..., a; € F such that

Vv =ai181 + -+ agSk-

Then
A = (Aay)sy + - -+ (Aag) sk

Thus, Av is a linear combination of elements of S, and so Av € Span(S). By Proposition 2.3.3, it
follows that Span(.S) is a subspace.

Next, we prove that Span(.S) is the smallest subspace containing S. Suppose that W is any
subspace such that S C W. We will show that Span(S) C W. Let v € Span(S). There exists
$1,...8, € Sand ay,...,a; € F such that

V=a181 + -+ agSk.

Because each s; € S C W and W is a subspace, v = ais1 + - - - + agsi € W. Thus, v € Span(5)
implies v € W, and so Span(S) C W. O

The last part of this proof (where we show that Span(S) is the smallest subspace containing
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S) deserves a bit more exposition, because I have seen this kind of argument confuse students
in the past. I will start by phrasing this as a very general mathematical principle.

Principle 2.5.9. To show that an object x is the smallest object of some kind, let «' be
another such object and show that x C *'.

Next, we discuss a concept that should be familiar from linear algebra in R": that of linear
independence. The motivation is the following. Recall that, for example, if S C R3 is the set
given by S = {(1,0,0),(0,1,0)}, then

ai
Span(S) = as | |ai,az € R
0

On the other hand, if we add the vector (1,1,0) to S to get S’ = {(1,0,0), (0,1,0), (1,1,0)}, the
span does not increase. That is,

ax
Span(S’) = as ai,az € R
0

Roughly this is because the third vector is already a linear combination of the first two, and so
it doesn’t add “new information.” To rephrase this, there is a nontrivial linear combination of
the three vectors that produces the zero vector:

1 0 1 0
oOj+11]—-11]1=1{0
0 0 0

Definition 2.5.10. Let S be a subset of a vector space V. We say that S is (or the elements S
are) linearly dependent if there are vectors vq,...,v, € S and scalars ay,...,a, € I, not all 0,
such that

aivy + -+ apv, = 0.
A set S is linearly independent if it is not linearly dependent.

Remark 2.5.11. In a similar spirit to Remark 2.5.5, note that we have made no assumption about
S being finite in this definition! The definition holds for sets of infinite vectors.

Example 2.5.12. Consider the vector space P(R) of polynomials with coefficients in R. Con-
sider the set
S ={1+4xz,2— 221+ 2s%}.

Then §'is linearly dependent, because

1(14z) —1(z —22%) — 1(1 4 22%) = 0.
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On the other hand, the set S’ = {1, x,2?} is linearly independent. Indeed, suppose that there
was a linear combination of these vectors that produced the zero vector. That is, suppose that
there are constants ap, as, asg such that

a1 + asx + asz® = 0.

By an elementary fact about polynomials, the only way this is possible is if all the coefficients
are 0.

Example 2.5.13. Suppose that 0 € S. Then S is linearly dependent. Indeed, note that
1-0=0.

This is a nontrivial linear combination of elements in S that produces the zero vector, thus, S
is linearly dependent.

The first example leads to an important equivalent way to think about linear independence,
which is essentially just a reformulation of the above definition. See also the principle below
about how to prove linear independence.

Proposition 2.5.14. A set S C V is linearly independent if and only if, for any vy,...,v, € S,
a1y + -+ apvy, =0

impliesa; = --- = a, = 0.

Example 2.5.15. Consider the vector space F'(R,R). The vectors sinz and cosx are linearly
independent. Indeed, suppose that

asinx +bcosz =0

for some constants a, b. Note that this is an equality of functions, not of numbers! This means

that asinz + bcosx = 0 for all z € R. Plugging in z = 0 given b = 0, and plugging inz = §

gives a = 0. Therefore, sin z and cos x are linearly independent.

The definition of linear independence is a little bizarre, because it is defined in a negative
way. That is, it is defined as the property of not being linearly dependent. However, the above
examples suggest the following direct way to think about (and prove) that a set in linearly
independent. This is the content of the following principle, which is one of the most important
principles in linear algebra. You will do well to learn this principle well!

4 N\

Principle 2.5.16 (Proving linear independence). To prove that a set {v1,...,v;} is linearly
independent,

(1) start out by supposing you have a linear combination of the form ayvy +- - -+ apvy, =
0, and then

(2) try to prove thata; =--- =a, = 0.
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This principle will rear its head often throughout these notes. For now, I will present one
purple-quality example of this in action.

Example 2.5.17. Let V be a vector space, and suppose that {v,v2,v3} C V is a linearly inde-
pendent set of vectors. We claim that

{v1 +v2 + v3, v2 + v3, v3}

is another linearly independent set.
To see this, suppose that a1, az, az € F are scalars such that

a1 (vy + ve + v3) + az(ve + v3) + azvs = 0.

Then
a1v1 + (a1 + a2)ve + (a1 + a2 + as)vs = 0.

Since {v1, v2, v3} is linearly independent, it must be the case that
a] = 0

ay+az =0
ar+as+a3 =0

Plugging a1 = 0 into the second equation gives ay = 0. Plugging a; = 0 and az = 0 into the

third equation gives a3 = 0. Thus, a; = as = a3 = 0. Since
ay(v1 +vo +v3) + az(ve + v3) + agvs =0
implies a; = az = a3z = 0, it follows that
{v1 + vo + vs, vo + v3, v3}

is a linearly independent set, as desired.

Exercises

1. Let S1,S2 C V be two subsets of a vector space V. Prove that Span(S;N.S2) C Span(S1)N
Span(S3).

2. Let S, S2 C V be two subsets of a vector space V. Prove that Span(S;US2) = Span(S7)+
Span(S2).

3. Prove that subset IV of a vector space V is a subspace if and only if Span(W) = W.

4. For the following statement, say whether it is true or false. If it is true, prove it. If it is
false, provide an explicit counter example.

Statement: If S1,S2 C V are subsets of a vector space V', then Span(S; U S2) = Span(Sy) U
Span(S2).
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5. Two vectors v,w € V in a vector space are parallel if there exists some A € F such that
either v = Aw or w = Av.

(a) Let V be a vector space over F. Prove that v, w € V are linearly independent if and
only if v and w are not parallel.

(b) Let V' be a vector space over R. Prove that v, w € V are linearly independent if and
only if v + w and v — w are linearly independent.

[Optional challenge question: is this still true over a general field F?]
6. Let V be a vector space over F. Let S; and S; be two subsets of V such that S; C Ss.

(a) Prove that if S; is linearly dependent, then S5 is also linearly dependent.
(b) Prove that if Sy is linearly independent, then S is also linearly independent.

7. Prove that if a set S C V in a vector space is linearly dependent then either S = {0}
or there exist distinct vectors v, uy,...,ur € S such that v is a linear combination of

Uty oy Uk

8. Consider the vector space M3x2(F) of 3 x 2 matrices with entries in a field F. Prove that

11 0 0 0 0 10 01
0O 0,1 11,10 O0f,]1 0,0 1
0 0 0 0 11 10 0 1

is linearly dependent.

9. Consider the vector space F(R,R) of functions f : R — R.

(a) Fix a # b € R. Prove that the set {¢®®, e**} C F(R,R) is linearly independent.
(b) Prove that {|z|,sinz} C F(R,R) is linearly independent.
(c) Prove that {1, sin?x, cos? 2} C F(R,R) is linearly dependent.

2.6 Bases and dimension

The idea of linear independence was motivated by the desire to identify a “minimal spanning
set.” In words, given a vector space or subspace, we wanted to find a set S with as few ele-
ments as possible that spanned the space. The notion of a “minimal spanning set” is important
enough to warrant a special name.

Definition 2.6.1. Let V be a vector space. A basis of V' is a linearly independent set 53 such that
Span(B) = V.

Example 2.6.2. Consider the vector space ", where F is any field. Let

B={ei,...,en}
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where e; = (0,...,0, 1 ,0,...,0). We claim that B is a a basis of ", called the standard

jtheentry
basis. Note that this is the exact same standard basis of R" that you are familiar with from a

prior mathematical lifetime in the case of F = R.

To prove that B is a basis, we must prove that it is both linearly independent and that it
spans F". We first prove linear independence. Suppose that a1, ..., a, € I are constants such
that ajeq + - - - + apep, = 0. This means that

1 0 0 ay 0
ar ||+ Fan | =1 and thus N
0 1 0 Qn, 0
It follows that a; = - - - a,, = 0, and so B is linearly independent.

Next, we prove that Span B = F". Let v = (a1, ..., a,) € F". Note that

a 1 0
v = E = a1 E + -+ U,
ap, 0 1

and so v € Span B. It follows that Span B = F", as desired. Thus, B is a basis.

Example 2.6.3. A vector space may have many different bases. For example, consider R?. By
the previous example, one basis is the standard basis, which in this case is

{00
(1))

is a different basis for R%. To see this, we first show that 3 is linearly independent. Suppose

We can also show that

that a1, as € R are scalars such that
1 n —1 0
a a = .
"1 " 0

— 0 a; —ays =0
amaz) and hence ! ’
ai + as 0 a1 +as =0

The first equation implies a; = a2, and then plugging this into the second equation we have

Then

2a; = 0. Thus, a; = 0 and ag = 0, and so B’ is linearly independent.
Next, we show that Span(B’) = R2. Fix (a, b) € R2. Note that

(O-#0-=()
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This implies that (a,b) € Span(B'), and since (a,b) € R? was arbitrary it follows that Span(53') =
R2. Thus, B’ is a basis for R2.

Remark 2.6.4. 1 have a remark about the previous example — more specifically, my proof that
B’ is a basis — that I will discuss at length in Subsection 2.6.1. For now, I will simply state the
principle and move on as to not interrupt the flow of the content of this section, but I highly
encourage you to read Subsection 2.6.1 either now or later as it relates to my solution above,
because the following principle is an important one that is not emphasized enough (or at all)
in lower division math courses.

4 N\

Principle 2.6.5. The way you write up a proof or solution may often look very different
from how you actually figured out the proof or solved the problem. In other words, there
are (at least) two distinct phases to doing math: (1) a “rough draft” phase, where you
tinker around and discover a solution, and (2) a “final draft” phase, where you take your
jumbled discoveries from phase (1) and present them in a streamlined coherent form. Cru-
cially, this final draft presentation will often not reflect your process in (1).

. J

Example 2.6.6. Consider the vector space M;(F) of 2 x 2 matrices with entries in a field F. Let

{6609 6}

One can show using an argument very similar to the one above (the standard basis of F") that
B is a basis for M(IF).

More generally, consider the vector space M,,x,(F) of m x n matrices with F-entries. For
each1 <i <mand 1 < j < n, define the matrix £;; by

1 if (k,0) = (i,9) .

(E ')kf —
N 0 otherwise

In words, the matrix E;; has a 0 everywhere except for in the (i, j) slot, where there is a 1. Then
one can show that the set

is a basis of M, x, ().

Example 2.6.7. A basis can include infinitely many elements. This gets subtle, for reasons that
will be discussed later, but consider for now the vector space P(R) of polynomials with real
coefficients of any degree. In the exercises, you will show that

{1,2,2°%,...}

is a basis of P(R). It will be helpful to reference the discussion in the previous section. Also,
note that this is not saying that every element of P(R) can be written

ao + a1z + asx® + -+ - .
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The point is similar to the one I made in the previous section — the expression I just wrote is
an infinite sum, and that doesn’t make sense in P(R). The elements of P(R) are finite degree
polynomials.

Remark 2.6.8. 1 should remark that, in general, the order of the elements of a basis does matter.
This is subtle, because when we refer to sets, the order does not matter. That is, the set {1, 2, 3}
is the same as the set {3, 2, 1}. However, the bases

() ()} = =-{0)-0)

should be considered distinct. The reasons for this will become clear in the next chapter, when
we discuss coordinates. Note that some texts emphasize this distinction more clearly with
the notion of an ordered basis, which means exactly that you think of a basis as a set with a
prescribed order. I have opted to not bother with this notion, as it usually isn’t a big deal.

Next, we will prove some abstract properties of bases. The next proposition gives a nice
way to conceptualize the point of bases.

Proposition 2.6.9. Let V' be a vector space and let B = {uy, ..., un} be a subset of V. Then B is a
basis of V' if and only if every element v € V admits a unique decomposition of the form

V=a1uy + -+ apuny

forsome ay,...,a, €F.

Proof. We will prove one direction, and leave the other as an exercise. Suppose that 3 is a basis.
Let v € V. Because Span(B) = V, there exist scalars aq, .. ., a, € F such that

UV =aijul + -+ aply.
Suppose that v = aju; + - - - + al,uy, is another such decomposition. Then since

/ /
ajuy + -+ apuy = agul + - -+ a, Uy

we have
/ /
(a1 —ay)ur + -+ + (an — ay,)u, = 0.
Since {uy,...,u,} is linearly independent, it follows that a; — a} = 0,...,a, — a}, = 0. Thus,
ay =a,...,a, = ay,, and so the above decomposition is unique.
The other direction is left as an exercise. O

One important feature of bases is that, in a given vector space, every (finite) basis has the
same number of elements. For example, above I gave you two examples of bases of R?, both
with two vectors. You should play around with some other examples and convince yourself
that it is impossible to have a basis of R? with only one element, and also impossible to have
a basis of R? with three (or more) elements. Perhaps surprisingly, it takes a decent amount of
work to prove that all bases must have the same number of elements. To do this, we will first
prove a difficult and technical theorem referred to as the replacement theorem. If this is your first
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pass through this material, you can skip the statement and proof of the replacement theorem.
In particular, the proof uses induction, which we have not yet discussed in the main content
of these notes; refer to A.1 in the Appendix. The main reason why the replacement theorem is
stated and proved is for the purpose of Corollary 2.6.11.

Theorem 2.6.10 (Replacement theorem). Let V' be a vector space, and suppose that S C V isa
finite subset with n elements such that Span(S) = V. Let L C V be a set of linearly independent
vectors with m elements. Then

(1) m <n,and

(ii) there is a subset S C S of n — m vectors such that Span(L U S") = V.

Proof. 5 Fixn > 0. We proceed by induction on m.

As a base case, we consider m = 0. A subset L C V with m = 0 elements is necessarily the
empty set. Note that 0 < n so that (i) holds, and further note that Span(L U S) = Span(S) =V
so that (ii) holds with " = S.

Now we perform the inductive step. Suppose the theorem is true for some m > 0. Let L
be a set of linearly independent vectors with m + 1 elements. We wish to show thatm +1 <n
and that there is a subset S’ C S with n — (m + 1) elements such that Span(L U S’) = V.

Denote the elements of L by L = {v1,...,vp+1}. By a previous exercise, since L is lin-
early independent it follows that {v1,...,v,} C L is linearly independent. By the induc-
tive hypothesis, we have m < n. Also by the inductive hypothesis, there exists a subset
S":={u1,...,up—m} C S such that

Span(vi, ..., Um, Uty ..., Up—m) = V.

Note that, currently, it may be the case that n —m = 0.
Since vy, +1 € V, it then follows that

Um41 = A1V1 + - - + QmUm + biur + - + bp—mUn—m

for some scalars aj,b; € F. Suppose that n — m = 0. Then v, is a linear combination of
U1, ..., VUm, which contradicts that fact that L is linearly independent. Thus, n — m > 0, and so
it follows that m + 1 < n. This proves (i) in the statement of the theorem.

Finally, we need to identify a subset S’ C S with n — (m + 1) elements such that L U S’
spans V. To do this, note that at least one of the b; coefficients must be nonzero by the above
discussion. Assume without loss of generality (possibly after reordering elements) that b; # 0.
Let S" = {ug, ..., up—m}. Note that S” has n — (m + 1) elements. We claim that

Span(LU S’) = V.

Note that
U1y vy Uy Uy - oy Up—m € Span(L U S").

>This proof uses induction and is optional on a first reading.
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Also note that u; € Span(L U S’), since

w — 1 v all} am v bQU bnfmu
1— 7 Unm+41 — 7 V1 — = 7 Un— 7 U2— """ — n—m:
by by by by by

Therefore,
{v1, .., U UL, .o Up—m} C Span(L U S).

But the span of the leftmost set is V' (by the inductive hypothesis) and so it follows that V' C
Span(L U S"), which implies V' C Span(L U S’), as desired. This concludes the induction and
proves the theorem.

O

Corollary 2.6.11. Let V' be a vector space with a finite basis. Then every basis of V contains the same
number of elements.

Proof. Let B be a basis of V with n elements. Let B’ be another basis. We wish to show that B’
also has n elements. Our first order of business is actually to show that B has a finite number
of elements (we cannot assume this!). Suppose that B’ has more than n elements (possibly
infinitely many). Let S be a subset of B’ with n + 1 elements. Since B’ is linearly independent,
S is linearly independent, and so by the replacement theorem it follows that n + 1 < n. But
this is a contradiction. Thus, B’ cannot have more than n elements.

Now let m denote the (finite) number of elements of B’. By the above argument, m < n.
But we can now reverse the roles of B and B': since Span(B’) = V and since B is linearly
independent, the replacement theorem implies that n < m. Since m < n and n < m, we have

n=m. Ul
Using this corollary, we can now formally define the notion of dimension.

Definition 2.6.12. A vector space V is finite dimensional if it has a basis with finitely many
elements. The number of vectors in any basis for a finite dimensional vector space V is the
dimension of V, denoted dim V. If a vector space does not have a finite basis, it is infinite
dimensional.

Example 2.6.13. The vector space {0} has dimension 0, because of the silly reason that we
define Span(()) = {0}.

Example 2.6.14. The dimension of F” is n, because the standard basis from above has n ele-
ments.

Example 2.6.15. The vector space P(R) is infinite dimensional, because the set {1, z,22,...} is
a basis with infinitely many elements (see the exercises).

Example 2.6.16. Recall that C can be given a vector space structure in two different ways: as
a real vector space (over R) and as a complex vector space (over C). Lets first consider the
vector space structure over C. Then according the above example (F"), this vector space has
dimensions 1 because a basis is {1}. This is just F” when F = Cand n = 1.
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Example 2.6.17. Next, view C as a vector space over R. We claim that {1, i} is a basis for this
vector space, and so C has dimension 2 as a real vector space. Indeed, note that any complex
number a + bi € C is a linear combination of 1 and ¢, since

a+bi = (a)l + (b)i.

Now we show that {1,i} is linearly independent (over R!). Suppose that a;,as € R are real
numbers such that
ai-14+as-72=0.

Then a; + a2i = 0, and so it must be the case that a; = ag = 0. Thus, {1,i} is linearly
independent. Since {1,:} spans C and is linearly independent, it is a basis.

In general, one can show that C" is an n-dimensional complex vector space — again, this
is just the example of " above with F = C — while C" is a 2n-dimensional real vector space.

Proposition 2.6.18. Let V' be a vector space with dimension n.

(i) If S C V is a subset such that Span(S) = V, then |S| > n. If |S| = n, then S is a basis. If
|S| > n, then S can be reduced to a basis (that is, there is a basis B such that B C S).

(i) If L C V is a linearly independent subset of V, then |L| < n. If |L| = n, then S is a basis. If
|L| < n, then L can be extended to a basis (that is, there is a basis I such that L C B).

Remark 2.6.19. In words, this proposition describes a basis as a sweet spot between the two
extremes of linearly independent sets and spanning sets. The former is always smaller than
the latter, and bases lie in their overlap.

A

Spanning sets

Bases

Bigger size

Proof. Let By be a basis of V' (with n elements).

(i) Suppose for the sake of contradiction that |S| < n. Then in the replacement theorem we
may take L = By to conclude that n < |S| < n, a contradiction. Thus, |S| > n.
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Next, suppose that |S| = n. Suppose for the sake of contradiction that S is not a basis.
Since S spans V, it must be the case that S is linearly dependent. Then there exists an
element s € S which is a linear combination of the remaining elements in S. Removing
this element gives a subset S’ C S with n — 1 elements such that Span(S’) = V. But this
contradicts the replacement theorem, since B has n linearly independent vectors.

Finally, suppose that |S| > n. Then S is not a basis. Since it spans V/, it must be linearly
dependent. Thus, there is at least one element of S which is a linear combination of
the other elements. Removing this element gives a spanning set of size |S| — 1. We can
continue this process until we obtain a spanning set of size n, which by the above, must
be a basis.

(ii) Let L be alinearly independent subset of V. First, we claim that | L| is finite. Suppose not
for the sake of contradiction. Then we could select a linearly independent subset of size
n + 1, which contradicts (i) of the replacement theorem. Now that |L| is finite, the same
result then immediately implies that |L| < n.

Next, suppose that |L| = n. By the replacement theorem, there is a subset S’ of B of size
n —n = 0 such that L U S’ spans V. Then necessarily S’ = (), and so LU S" = L. Thus, L
is a linearly independent spanning set and so L is a basis.

Finally, suppose that |L| < n. By the replacement theorem, there is a subset S’ C B with
n — |L| elements such that L U S" spans V. Since L U S’ has n elements, by (i) it follows
that B := L U S’ is a basis.

O

Proposition 2.6.20. Let V' be a finite dimensional vector space, and let W C 'V be a subspace. then W
is finite dimensional, and dim W < dim V.

Proof. Let S be a spanning set for W (for example, one could take S = ). By the above
proposition, this set can be reduced to a basis of W; that is, there is a basis By, of W such
that By C S. Since Byy is a basis for W, it is linearly independent. In particular, it is linearly
independent in V. By the above proposition, it then follows that |By/| < n. Therefore, W is
finite dimensional, and

dimW = [By| <n=dimV.

O

Example 2.6.21. Consider the vector space P(R) of polynomials (of any degree) with coeffi-
cients in R. Define the following vectors:

p1(z) =z + 223

p2(z) =1+z+2?

p3(x) = 3 + 4z + 322 + 223
pa(x) = 0.

Let W := Span(pi(x), p2(x), p3(x), pa(z)). We claim that dim W = 2. In particular, we claim
that {pi(x), p2(x)} is a basis for W. To prove this, we will show that {p;(x), p2(x)} is linearly
independent and that W = Span(p:(z), p2(z)).
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First, we will show that {p;(z),p2(x)} is linearly independent. Suppose that a;,as € R
such that

aip1(z) + agpe(z) =0
Then
ax ($+2:L'3) + as (1+a:—|—:L'2) =0
and so

as + (a1 + az)x + agx® + 2a12% = 0.
For a polynomial to be the zero polynomial, all of its coefficients must be 0. Thus,
as =0
ap+az =0

a2:0

2&1:0

In particular, the first and fourth equations imply that a; = ag = 0. Therefore, {p;(x), p2(x)} is
linearly independent.
Next, we show that Span(p;(z), p2(x)) = W. To see this, first note that

p3(w) = 3+ 4z + 32% + 227
= (24223 +3(1 + = + 2?)
= p1(z) + 3p2(z).

Next, let v(z) € W. Then
v(z) = ar1p1(z) + agpe(z) + azps(z) + aspa(z)

for some ay, as, a3, as € R. By the above observation,

v(x) = a1p1(x) + agpa(z) + as(p1(z) + 3p2(x)) + a4 - 0
(a1 -+ ag)p1 ({E) + ((IQ -+ 3@3)p2(l‘).

Thus, v € Span(pi(x), p2(z)). This shows that W C Span(pi(x), p2(x)). Since Span(p1 (), p2(x))
is clearly a subset of W, it follows that W = Span(p; (z), p2(x)). Since {p1(x), p2(x)} is a linearly
independent spanning set of I, it is a basis. Thus, dim W = 2.

2.6.1 An aside on proof writing and Principle 2.6.5

Oftentimes, the clearest way to present a proof is not necessarily to reformulate how you dis-
covered the solution. For example, sometimes there is a lot of messy work that goes in to
solving a computation, that in hindsight, is easier to present without showing all of those de-
tails. Some of the examples in this section demonstrate this principle. For instance, in my
solution to Example 2.6.3, I have the following observation to prove that the vectors (1,1) and
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(—1,1) span R%: “Fix (a,b) € R%. Note that

(O-#0-=2()

This implies that (a, b) € Span(B'), and since (a,b) € R? was arbitrary it follows that Span(B’) =

[R?.” From the readers perspective, | have very clearly and definitively demonstrated that (a, b)

is in the span of the two vectors, but I mysteriously pulled the coefficients %+* and =%

nowhere. They undeniably work, but it is not clear from my solution where they came from.

out of

This was intentional on my part, and the truth is that I did some computations on the side to
tigure of them out ahead of time. This is a personal choice and comes with its own costs and
benefits, but this is exactly the principle that I'm referring to. The way that I actually solved
this part of the example does not reflect the absolute clearest way of presenting it.

TO be completely clear, let me show you the computations I did on the side that do not
appear in my solution above. Given a vector (a,b) € R?, I wanted to find constants C' and D

such that
1 -1
“V=c|. |+D .
b 1 1
I didn’t know what those coefficients were, so I simplified and set up the corresponding system
a C—-D C—-D=a
= =
b C+D C+D=0b
Adding the two equations give 2C = a + b, and hence C' = “TH’, and subtracting the equations
gives 2D = —a+b,and so D = %H’. Thus, this tells me that

(O-+0-=2()

When I sat down to write up the my solution, I made the conscious decision to omit the calcu-

of equations:

lations above. For the purpose of convincing the reader that the two vectors span, that calculation is
unnecessary. It doesn’t matter where those coefficients came from; maybe they came to me in
a dream. They evidently work, and for the purpose of convincing a reader that the two vectors
span R? that is all that is necessary.

With that being said, there is certainly something lost with a solution like this. Though
my original solution is completely convincing in showing that the vectors span, it doesn’t
indicate how you might make a similar argument for other sets of vectors. This would be
more apparent had I included the computations I described above (at the cost of cluttering the
argument and introducing technically unnecessary data in the form of the constants C' and D).
Is one kind of solution better? It entirely depends on the context and the personal style of the
author.

Perhaps my main point with this subsection is the following. Unlike in lower division
mathematics, there is a very intentional process of crafting a proof and deciding what to com-
municate and how to communicate it, and importantly, this process is mostly distinct from the
actual process of solving the problem. A proof is not just “show your work”. A proof is a final
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draft reformulation of whatever content is needed to convince the reader of the claim. As a
result of this, a professional proof may look very different than the actual process of doing the
mathematics to solve the problem!

Exercises

1. Consider the vector space
PF)={a+az+ - +az" |neN,aq;€F}
of polynomials (of any degree) with coefficients in a field F. Prove that
B={1,z,2% 2% ...}

is a basis of P(F).

2. Let V be a vector space and let Wy, Wy C V be subspaces. Prove that
d1m(W1 N Wg) = dlm(Wl)

if and only if W7 C Ws.
3. Consider the vector space R". Let
Ty

W .= Pl eR o+ 42, =0

Tn

Recall that W is a subspace. Compute, with proof, the dimension of W.

[Hint: First, identify a collection of vectors that you think should be a basis for W. Then prove
that the collection spans W, and then prove that it is linearly independent.]

4. Consider the vector space F(R, R) of functions R — R. Compute, with proof, the dimen-
sion of the subspace Span({1, sin?z, cos? z}).

5. Let V be a vector space, and let B = {uy,...,u,} C V. Prove that if every element v € V'
admits a unique decomposition of the form

V=a1ul + -+ anun

then B is a basis of V.
6. Prove that the vector space M, x,(F) has dimension mn.

7. Consider the vector space R*. Let

1 1 1

3 1 —1
U1 = 1 y U2 = 0 y U3 = 1 )

4 2 0
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10.

11.

12.

13.

14.

15.

Let W := Span(vy, v2, v3). Compute, with proof, dim w.e

Consider the set of complex numbers C. Recall that there are two natural ways to endow
C with a vector space structure: over the field C, and over the field R.

(a) Prove that a basis for the vector space C over the field C is {1}. Conclude that the
dimension of this vector space is 1.
(b) Prove that a basis for the vector space C over the field Ris {1,i}. Conclude that the

dimension of this vector space is 2.

For each of the following statements, determine whether it is true or false. If it is true,
prove it. If it is false, give an explicit counter example or an explicit reason why.

(a) Let V be a vector space and let Wy, W5 C V be subspaces. If B; is a basis for W; and
Bs is a basis for W5, then By U By is a basis for W7 + Wh.

(b) Let V be a vector space. If S1,S2 C V are (nonempty) subsets of V' such that Sy C
Span(Si), then S; U Sy is linearly dependent.

Let V be a vector space. Prove that if {u, v, w} is a basis of V, then {u + v + w, v + w,w}
is also a basis of V.

Let V be a finite dimensional vector space. Suppose that 1¥; and W> are subspaces such
that V = W; @ Wa.

(a) Suppose that B; is a basis for W; and Bs is a basis for Ws. Prove that By U Bz is a
basis for V.

(b) Use the previous part to conclude that dim(W; & Ws) = dim W; + dim Wa.

Consider the vector space P, (R) of polynomials of degree at most n with coefficients in
R. Fix a € R. Let
W ={p e Pa(R)|p(a) =0}.

(a) Prove thatdim P,,(R) =n + 1.
(b) Prove that IV is a subspace of P, (R).
(c) Prove thatdim W = n.

Prove that the vector space F'(R, R) of functions f : R — R is infinite dimensional.

Let V be a vector space, and let Wy, W5 C V be finite dimensional subspaces. Prove that
dim(W1 + Wg) = dim(Wl) + dim(WQ) — dim(W1 N Wg).

[Hint: Start with a basis of the subspace W1 N Wo. You can extend this to a basis of W1, and you
can also extend this to a basis of Ws.]

Let V be a vector space, and let Wi, Wy C V be finite dimensional subspaces such that
V = Wi + Wy, Prove that V = W & Wy if and only if V' = dim(W;) + dim(W5).

®Remember that we have not defined or used row reduction at all in 115A!
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16. Let V' be a finite dimensional vector space. Let W1 be any subspace. Prove that there is a
subspace Wy such that V' = Wy & Wh.

2.7 Quotient vector spaces

In this optional section, we will discuss the notion of a quotient vector space. Informally, a
quotient vector space arises by way of “dividing” a vector space by a subspace. To formulate
this precisely, we need the language of equivalence relations and equivalence classes, so if this
is unfamiliar to you I suggest reading Appendix A.2.

An important example of an equivalence relation — also discussed in Appendix A.2, so I
will refer you to there for the details — is the following. Let V be a vector space and let W C V
be a subspace. Define an equivalence relation ~ on V' by

v~w ifandonlyifv—we W.

The equivalence classes (the various collections of equivalent vectors) are then “parallel shifts”
of the subspace W. That is, one equivalence class is [0], which is just the subspace W. If you
pick a vector v ¢ W, then the equivalence class [v] is given by {v} + W, a shift of the entire
subspace W by the vector v. Using this equivalence relation, we can construct a new vector
space.

Definition 2.7.1. Let V be a vector space and W C V a subspace. Define the quotient of V' by
W, also read as V mod W, written V/W, to be the set of equivalence classes of V under ~ as
defined above. That is,

V/W :={[v]|veV,v~wifandonlyifv —w e W }.

Although I have already claimed that V//W is a vector space, this is not at all clear from the
above definition. We still have a lot of work to do to actually endow this with a vector space
structure. How does one add equivalence classes? How is scalar multiplication defined? What
is the 0 vector? The vector space structure of the quotient is given by the following theorem.

Theorem 2.7.2. Let V be a vector space and W C 'V a subspace. Then V/W is a vector space
under the following operations of addition and scalar multiplication. For v,w € V and X\ € F,
define

[v] + [w] := [v + w]

and

Proof. There is a lot to prove in this theorem; more than you might expect if this is the first time
you've seen an algebraic structure defined using equivalence classes. We will eventually have
to verify all of the vector space axioms (commutativity of addition, existence of a zero vector,
etc.) but before even that we have to verify that the operations defined above are actually well-
defined. By this I mean the following. Suppose we selected two equivalence classes [v], [w] €
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V/W and wanted to add them together to get a new vector in the quotient, [v]+[w] € V/W. But
because addition of equivalence classes is defined using the representatives v and w, there is a
possible issue: what if we selected different representatives for the same equivalence classes,
v, w' € V with [v/] = [v] and [w'] = [w] and formed the addition [v] + [w']. In theory, this
should be the same object as [v] 4 [w]. Is it? We have to prove that it is! Likewise with scalar
multiplication.

Proving that addition is well-defined.

First, we prove that the addition operation in the theorem is well-defined on equivalence
classes. Let v,v',w,w’ € V such that [v'] = [v] and [w'] = [w]. We need to prove that

By definition of addition in V/W, to do this we must prove that
[v+w] = +w'].
By definition of the equivalence relation, this is the case precisely when
(v+w) — (' +w') eW.

Since [v'] = [v], we know that v — v’ € W. Likewise, since [w'] = [w], we know that w —w’ € W.
Thus, it is in fact the case that

(wtw)— W +uw)=@w-2)+(w—u")eW.

Therefore, [v] + [w] = [v'] + [w'] and so addition of vectors in V/W is well-defined.

Proving that scalar multiplication is well-defined.

To prove that scalar multiplication is well-defined, we must show that for v,v" € V with
[v/] = [v] and X € F, we have

This is similar to to the previous step and is left as an exercise.

Veritying the vector space axioms.

Having proved that addition and scalar multiplication are well-defined in V/W, we now
have to verify all of the vector space axioms. I will only do a few of them here, and I will leave
the rest as exercises.

First, we prove that addition in V/W is commutative. For [v], [w] € V//W, note that

[v] + [w] = [v + w]
~ fw+ o]
[w] + [v].

The other algebraic axioms (distributativity, associativity of scalar multiplication, etc.) are

similar and are left as exercises.
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Next, we verify the existence of the zero vector in V/W. We claim that [0], the equivalence

class containing 0 € V, is the zero vector. To see this, note that

0] + [v] = [0+ 2]
= [v].

Similarly, we can verify the existence of additive inverses in V//W. For [v] € V//W, note that
0] + [=v] = [ + —v] = [0].
This completes the proof that V/W is a vector space. O

Remark 2.7.3. Note that, by the above proof, the zero vector in V/W is [0] = W. That is, the
entire subspace W represents the zero vector in the quotient.

Example 2.7.4. Let V = R?, and let W = Span(ey, e2) be the subspace which is the (z, y)-plane.
Note that dim V' = 3 and dim W = 2. The zero vector in V/W is the (x, y)-plane, i.e., W itself,
and every other vector in V/W is given by a vertical shift of the (x, y)-plane. In particular, we
claim that V/W is a 1-dimensional vector space (given by the 1-dimensional family of planes
stacked on top of each other). To prove this, we can find a basis for V/W with one element.

Consider the set
0

1

This is a set consisting of a single element, which is the equivalence class of vectors equivalent
to (0,0, 1). Because this set has a single nonzero vector (note that it is nonzero because (0,0,1) ¢
W) it is certainly linearly independent. We just have to show that the span of this singleton set
is all of V/W. To do this, let [v] € V/W be an arbitrary equivalence class. We can write

it follows that [v] = [(0,0,¢)] = ¢[(0,0,1)]. Thus, [v] is in the span of {[(0,0,1)]} and so
{[(0,0,1)]} is a basis for V/W.

We can generalize the observations from the previous example with the following propo-
sition, which computes the dimension of a quotient V/W in terms of the dimensions of V and
w.

Proposition 2.7.5. Let V' be a finite dimensional vector space, and let W C 'V be a subspace. Then
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V/W is finite dimensional, and
dimV/W =dimV — dim W.

Proof. Let k = dim W, and let {wy, ..., w;} be a basis for W. We can extend this basis to a basis
of V:

{wy,..., wg,v1,...,00}.

Note that, with this notation, we have dimV = k + ¢, so that dimV — dim W = /. Thus, to
prove the proposition it suffices to find a basis for VV/WW with exactly ¢ elements.
We claim that {[v1], ..., [v¢]} is such a basis. First, we verify that this set is linearly indepen-
dent. Suppose that
ar[vi] + -+ + agfvg] = [0].

Then
[ajv + - - 4 agve] = [0].

By definition of the equivalence relation, this means that
avy + - - -+ agve € W.
Since {wy, ..., wy} is a basis for W, we can then write
aivy + -+ apvp = bywy + - - - + bpwy
for some by, ..., b, € F. This implies

aivi + -+ apve + (=b1)wy + -+ - + (=by)wy, = 0.

Since {wy, ..., w,v1,..., v} is a basis for V, it is linearly independent. This implies that a; =
-+ =ay =0,and so {[v1],...,[v/]} is linearly independent, as desired.
Next, we prove that {[v{],..., [v/]} spans V/W. Let [v] € V/W. Since v € V, we can write

aivy + -+ -+ apvp + bywy + - - + bwy
for some scalars a;, b; € F. Note that bywy + - - - + bpwi, € W, and so

[v] = [a1v1 + - -+ + apvg + biwy + - -+ + brwy]
= [CL101 + -+ agvg]

= afvi] + - - - + agfvg].

Thus, [v] € Span([vi],...,[ve]). This completes the proof that {[vi],...,[v/]} is a basis. Thus,
V/W is finite dimensional and dim V/W =/{¢ = (k+{) — k = dimV — dim W. O

Example 2.7.6. It is still possible to take quotients of infinite dimensional subspaces. In fact,
it is even possible for V/W to be finite dimensional when V' and W are infinite dimensional!
Here is an example. Let V' = P(IF), the vector space of all polynomials with coefficients in F,
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and let
W={a+az+ - +a,z"|ag=a; =0,neN}.

In words, W is the subspace of all polynomials such that the first two coefficients (the constant
term and the degree 1 coefficient) are 0. Note that V' is an infinite dimensional vector space,
and W is an infinite dimensional subspace of V. Indeed, {z2 2,24, ...} is an infinite set of
linearly independent vectors in W. We claim that dim V/W = 2. To prove this, we will find a
basis for V/W with two elements. Indeed, consider the set

{[1]; [}

This set consists of two vectors in V/W, the equivalence classes of 1 and z, respectively. First,
we will show that this set is linearly independent. Suppose that a[1]+b[z] = [0]. Then [a+bz]| =
[0], which means a + bx € W. But by definition of W, this forces a = b = 0, and so {[1], [z]}
is linearly independent, as desired. Next, so show that V//W = Span({[1], [z]}), let [v] € V/W.
Then v = ag + a1z + - - - + a,z" for some n € N and some a; € F. Note that

U—(ao—I—alx):a2x2+--'+an:ﬁ”€W

and so
[v] = [ap + a1x] = ap[l] + a1]x].

Thus, V/W = Span({[1], [z]}) and so {[1], [z]} is a basis for V/TV.

The examples we have seen above suggest the following intuition about quotient vector
spaces, which is essentially just the intuition about equivalence classes. The quotient vector
space V/W is obtained by “squashing” W down to the zero vector. That is, you squash out of
all W and call the entire subspace “0”. This has a ripple effect throughout the whole vector
space, and whatever you're left with is the quotient vector space V//WW. Moreover, by squashing
out the subspace W, you are removing dim W directions from V" and you are left with a new
vector space of dimension dim V' — dim W.

Exercises
1. Prove that scalar multiplication in V/W is well-defined.

2. Verify the rest of the vector space axioms for V/W.

3. Let V =R?, and let W = Span(e; + e3) be the subspace given by the line y = . Describe
the elements of V/W. What is dim V/W? Can you give a basis for V/W?

4. Prove that V/{0} = V. Likewise, prove that V/V = {0}.

5. Let W C P(R) be defined as follows:
W = {p(x) € P(R) ‘ p’”(m) =0 }

Prove that V/W is finite dimensional by computing a basis.
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6. Can you find a vector space V and a nonzero subspace W such that V/W is infinite
dimensional?

2.8 Polynomial interpolation

This optional section is devoted to the idea of polynomial interpolation from a linear al-
gebraic perspective. You can interpret this section as an “application” section, but I don’t
necessarily see it that way. The actual linear algebra involved is relatively simple, only using
the notion of linear combinations, systems of equations, and bases. Rather than being viewed
as an application, this discussion of polynomial interpolation should be taken as an example
of how mathematical theories and levels of abstraction can offer clarity and insight into situa-
tions that could otherwise be solved in down to earth terms. Do you need an understanding
of abstract vector spaces to understand polynomial interpolation? No. Does it help to under-
stand the big picture, quickly absorb the ideas, and retain the information without getting lost
in formulas and details? Yes!

In any case, here is the set up. This hearkens back to the historical origins of linear algebra;
see Section 1.2. To warm up, suppose we were to draw two points in the plane with distinct «
values, say, (ag,bp) and (a1, b1) with ag # a;. There is a unique line, given as a function of z,
passing through these two points. That is, there is a unique function of the form f(x) = Aoz+\;
with Ao, A1 € R, such that f(ag) = bp and f(a;) = by. It is not hard to find a formula for this
function f using elementary geometry or point-slope format.

__-#{ag, bo) (do, bo)® \

/’ /

Likewise, if we prescribe three points (ao, bo), (a1,b1), and (az,bz) in the plane, all with
distinct = values (so that a; # a2, a1 # a3, and ay # a3), then there is a unique quadratic
polynomial f(x) = Ao + A1z + Aox? that passes through the three points. In general, it turns
out that if you prescribe n + 1 points in the plane

(CLQ, bo), ceey (an, bn) S R2

with pairwise distinct  coordinates (so that a; # a; if i # j), then there is a unique polynomial
of degree n passing through all of the points. This section is devoted to solving this problem
from various perspectives in linear algebra.
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2.8.1 The approach using the standard basis

First, instead of considering points in the plane R?, we may as well generalize to F?, where F
can be any field. The most natural way to solve this problem is as follows. Given n + 1 points
(ag,bo), ..., (an,by) € F? with a; # a; for i # j, we seek a polynomial

flx)=Xo+ Az + -+ A"
such that f(a;) = b; for all 0 < j < n. We can set up a system of equations as follows:

(
Ao+ agA1 + - +agh, = by
Ao FaiAr+ -+ afA, = b

)\0+an)\1+---+aﬁ)\n:bn

There are a lot of letters flying around, but remember that the constants a; and b; are given to
us. They are not the variables. The variables we wish to solve for are the \;’s which represent
the unknown coefficients of our desired polynomial. Thus, this is a system of n + 1 linear

equations in n + 1 variables (Ao, ..., \,). In particular, we could write this as a matrix-vector
equation as follows:

1 agyg - a(’)‘ )\0 bo

1 ay - a’f )\1 b1

1 ap -+ ay An bn,

The (n + 1) x (n + 1) matrix built out of the a;’s is called the Vandermonde matrix.

Example 2.8.1. Let (1,1),(2,3), (3, —1) € R? be three points in the plane. We seek the unique
quadratic polynomial that passes through these three points. Let f(z) = A\g + A1x + Aox?. The
desired system of equations is

)\0+/\1(1)—|—/\2(1)2:1 A FAFA=1
/\0+/\1(2)—|—/\2(2)2:3 — Ao+ 2N +4X\ =3
Ao+ A1(3) + /\2(3)2 =—1 Ao+ 321 + 9\ = —1

Subtracting the first equation from the second to get a new second equation, and subtracting
the first equation from the third equation to get a new third equation, we have

A+ +A=1

A+ 3N =2
AL +5A = —4
Subtracting the second and third equation above then gives 2\ = —6, and hence Ay = —3.

With this, the second equation becomes A\; = 2 — 3(—3) = 11, and the the first equation gives
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Ao=1-11—(-3)=—

7. Therefore, the polynomial we seek is

f(z) = =322 + 11z — 7.

y=—3x>+1lx -7

Remark 2.8.2. You could, of course, solve the above system of equations by row-reducing the
Vandermonde matrix. Since I haven’t used techniques like that in this text, I opted for a more
direct method of calculation.

To phrase this approach in language more akin to that of this textbook, here’s what we have
done. Consider the vector space P, (F) of polynomials of degree n. This is a vector space of
dimension n+1, as we have seen. We are looking for a specific polynomial f € P,(FF) satisfying
f(aj) =bj forall 0 < j < n. If we pick a basis for P,(F), say, the standard basis

B={1,z,2% ... 2"}

then we know that f must be a linear combination of the above elements. That is, there must
be some scalars Mg, ..., A\, € F such that

flz) =X+ z+ -+ A2™

This was our starting point above that led to the Vandermonde system of equations. This
approach has the benefit of being easy to set up, but at the cost of being a bit more compu-
tationally intensive to actually solve (you must solve the resulting system of equations). The
next approach — using something called Lagrange polynomials — takes a bit more work to
set up, but then finding the solution is much simpler.

Remark 2.8.3. At this point in the text, we have not discussed determinants or invertibility of
matrices, but there is much to say about this regarding the Vandermonde matrix. In particular,
it turns out that if a; # a; for i # j — the precise condition we have been assuming — then the
associated Vandermonde matrix is invertible (refer to Chapter 6 for a proof of this fact), and
thus, there is in fact a unique solution to the above system of equations.

2.8.2 The approach using Lagrange polynomials

Lagrange interpolation is based off of the idea of using a different basis than the standard basis

B={1,z,22,..., 2"} asin the above subsection. Instead, if we choose a basis which is correctly
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tuned to the prescribed points (ag, bo), - . ., (an, bn), determining the coefficients in the resulting
linear combination is actually trivial. To see how this might work, let’s motivate the abstract
theory with a concrete example. For consistency, let’s consider one of the same examples that
we did with the first approach.

Consider three points in the plane (1,1), (2,3), and (3, —1). As before, we want to find
a quadratic polynomial f(z) whose graph passes through all three of these points. That is,
we want to find a quadratic polynomial such that f(1) = 1, f(2) = 3, and f(3) = —1. Our
approach will be as follows. Suppose that we can find three quadratic polynomials p1, p2, p3
satisfying the following:

0 0
p2(1) =0 pa(2) =1 pa2(3)=0.

p3(1) =0 p3(2) =0 1
In words, we want p; to be a quadratic polynomial such that p; evaluates to 1 on the z-
coordinate of the first point, and evaluates to 0 on the z-coordinates of all the other points.
Likewise with the other polynomials. Let’s assume for the moment that we’ve found such
polynomials. Then if we set

fx) =1-pi(z) +3- p2(2) + —1 - ps(x)
then f(x) will be the quadratic polynomial we are looking for! Indeed, we can quickly check

f(1) =p1(1) +3p2(1) = p3(1) =14+0+0=1
f(2) =p1(2) +3p2(2) —p3(2) =0+3+0=3
F(3)=pi1(3) +3p2(3) = p3(3) =0+ 0+ —1 = —1.

Thus, all we need to do is construct the polynomials pi, p2, and ps above. Let’s consider how
to build p;. We want p; to be a quadratic polynomial which vanishes at = 2 and = 3, and
equals 1 when x = 1. We can easily build a quadratic polynomial that vanishes at x = 2,3 by
considering the expression

(x —2)(x — 3).
The problem with this is that it does not evaluate to 1 when z = 1. It evaluates to (1-2)(1-3) =

2. To then define p;, we can simply divide the above expression by 2! Indeed, if we set

1 1 5
Pl@) = i(x —2)(x — 3) = 5332 — 53:4—3

then pi(1) =1, p1(2) =0, and p;(3) = 0. We can build p; and p3 with similar logic:

po(x) := (2_1)1(2_3)(35 —(z—3)= -2 44z -3
p3(z) = (3_1)1(3_2)(35 —D(x-2)= %wQ - gw +1
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Then, according to our discussion above, the polynomial we seek is

f(x) =1-pi(z) +3-p2(z) + -1 p3(z)
1 5 1 3
= (2$2—2x+3> +3 (-2 + 42— 3) — <2£C2— 2:1:+1>

=322+ 11z —T.

This is indeed the same polynomial as we got before, using totally different logic! The point
here is that instead of expressing f as a linear combination of the standard basis {1, z, 2%} of
P5(R), we chose a different collection of polynomials {p1, p2, p3}, dependent on the prescribed
points, which makes the resulting linear combination very easy to identify. To formalize this
discussion in the language of bases, we first give the following general definition.

Definition 2.8.4. Let ag,...,a, € F be scalars such that a; # a; for i # j. The Lagrange
polynomials associated to ao, . . ., a, are the polynomials p;(z) € P, (F) defined as follows:

1
Pj(x) T ((aj _ a1)((1j — ag) oo (aj - an)

)~<x—a1>~--<x—aj_1><:c—aj+1>-~<x—an>.

In words, the Lagrange polynomial p;(z) is given by the project of factors of the form
(x — a;), except for the factor corresponding to aj, together with a scalar out front which is
chosen so that pj(a;) = 1. Indeed, we have the following lemma.

Lemma 2.8.5. Let ao, ..., a, € F be scalars such that a; # a; for i # j, and let po(x), ..., pn(x) be
the associated Lagrange polynomials. Then

(i) fori # j, we have p;(a;) = 0, and
(ll) pj(aj) =1.
Proof. Suppose that i # j. Note that

pj(a;) <(aja1)(aj(12)"‘(%'“”)

> (a; —ar) - (a; —aj—1)(a; — aj41) -+ (a; — ap).

Since i # j, one of the expressions (a; — aj) above will in fact be (a; — a;) = 0. Thus, pj(a;) =0,

which proves (i). Similarly, note that

1
piles) = <(a;/ —ay)(aj —az) - (aj — an)> g o) (o = aga)(e = dga) (g~ an)
=1
which proves (ii). O

As we discussed above, the point of the Lagrange polynomials is to identify a basis of
P, (F) which is particularly suited to the problem of polynomial interpolation. Indeed, our
main theorem is the following.
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Theorem 2.8.6. Let a, . . ., a,, € F bescalars such that a; # a; fori # j,and let py(x),

- pn(2)
be the associated Lagrange polynomials. Then

BL = {p07 e 7p’rl}

is a basis of P, (FF).

Proof. Because dim P, (IF) = n + 1, it suffices to prove that {po,

..., Pn} is linearly independent.
Suppose that

)\Up() + - JF)\npn =0

for some Ay, ..., A\, € F. Then

)\Op()(x) + e+ )\7Lpn($> =0

for all z € F. In particular, when z = a;, Lemma 2.8.5 gives
Aopo(aj) + -+ + Aj—1pj—1(aj) + Ajpj(a;) + Ajrapjvi(a;) + - Anpn(a;) =0
which is equivalent to

04 40+X-14+0+---0=0

and thus A\; = 0. This proves that By, is linearly independent, and thus a basis. O

With this theorem in hand, we can present what is known as the Lagrange inteprolation
formula, which is the formalization of the above procedure we discussed up above.
Corollary 2.8.7 (Lagrange interpolation formula). Let (ag, by), . . ., (an,bn) € F? be n + 1 points

in the plane with a; # a; for i # j. Then there is a unique polynomial f(x) of degree n passing through
all points (a;, bj) and it is given by

f(x) := bopo(x) + bip1(x) + - + bupp(x)

where po(x), ..

., pn(z) are the Lagrange polynomials associated to ao, . . ., Qy.

Proof. Let

f(x) :=bopo(z) + bip1(z) + -+ - + bppn(z)

as in the statement of the corollary. Note that

f(aj) = bopo(a;) + -+ bj—1pj-1(a;) + bjpj(a;) + bjt1pj+1(a;) +
=04+ 0+bj-1+0+--0
—b;.

o bnpn(aj)

Thus, the polynomial f does pass through each point (a;, b;). Next, we show that it is unique.

Suppose g is another such polynomial. Because By, is a basis of P,(F), there exist scalars
Ao, - -+, Ap € F such that

g(z) = Xopo(x) + - - - + Appp(z).
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Note that

9(a;) = Xopo(aj) + -+ Aj-apj-1(a;) + Ajpj(az) + Ajrapjra(a;) + - - - Anpn(ay)
=04 +0+X 14040
= ).

By assumption, g(a;) = b;, so A; = b;. Thus,

g(x) = bopo(x) + -+ - + bppn(x)
= f(z)

and so f(z) is unique, as desired. O

Exercises
1. Let (—1,0),(2,0), (4,3) € R? be three prescribed points in the plane.
(a) Find the unique quadratic polynomial passing through these points using the stan-
dard basis (a.k.a. Vandermonde) approach.
(b) Alternatively, find the unique quadratic polynomial passing through these points
using Lagrange interpolation.
2. Let (0,0),(1,1),(2,—1),(3,3) € R? be four prescribed points in the plane.
(a) Find the unique cubic polynomial passing through these points using the standard
basis (a.k.a. Vandermonde) approach.
(b) Alternatively, find the unique cubic polynomial passing through these points using

Lagrange interpolation.

3. This exercise will describe a third approach to polynomial interpolation using Newton
polynomials. As before, let (ag, bo), - ., (an, by) € F? be n+1 prescribed points with a; # a;
fori # j. For 0 < j < n, define

qo(z) =1
and
g;(z) = (x — ao)(z — a1) -+ (& — a;1).
These are the Newton polynomials associated to (ag, bo), - . ., (an, bn).

(a) Prove that {qo,...,q,} is a basis for P, (F).

Next, we determine the corresponding coefficients that give rise to the polynomial f
passing through the prescribed points. This involves a new concept called the divided
difference coefficients. We will define a coefficient [by, . .., b;] € F recursively as follows.
Set [bg] := bo. Then for j > 0, define

bo,...,bj] —[bo,...,bj—
[bo,...,bj]ﬁz[o j] [O J 1].

a; — agp
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(b) Prove that [bg, b;] = b1—bo

a1—ap”

(c) Prove that
b2 — b1 bl - bO

(a2 —a1)(az —ap) (a1 —ao)(az — ag)

[bo, b1, ba] =

With this notation, we can now state the Newton interpolation formula. It turns out that the
unique polynomial f(x) of degree n passing through (ao, bo), . . ., (an, by) is

f(@) == [bo] qo(x) + [bo, ba] q1() + -+ -+ [bo, - -, bn] gn ().

(d) Consider the prescribed points (1,1),(2,3),(3,—1) € R? as in the section above.
Compute the unique quadratic polynomial passing through the three points us-
ing Newton interpolation, and verify that it agrees with the Vandermonde and La-
grange approaches.

Next, we will walk through the proof of the Newton interpolation formula.

(e) Use induction to prove that [b, ..., bx] = [b, ..., bo] forall k > 1.

(f) Use induction to prove that

[b(),... ,bk] (ak — ao) ce (ak —ak,l) = bk — P(ak)

where P(z) is the unique degree k—1 polynomial passing through (ao, bo), - . ., (ax—1, bx—1)-
As a base case, prove that

[bg, bl] (a1 — ao) = b1 — P(al)

where P(z) = yp is the constant polynomial at yj.

(g) Conclude Newton’s interpolation formula.
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Chapter 3

Linear Transformations

Up until this point, we have followed a very typical structure for developing a mathematical
theory.

o We have axiomatically defined a class of mathematical objects (vector spaces).
o We have developed a base of concrete examples (F", vector spaces of functions, etc.)

o We have investigated basic properties and consequences of the definition (the concept of
linear independence, the notion of dimension, etc.)

o We have studied sub-objects of our objects (subspaces of vector spaces).

The naturally trajectory from here is to ask the following types of questions: How do we compare
two of our mathematical objects? How can we tell when or measure how two of our objects our similar
or different? These questions lead to the study of functions that map from one object to another
object.

In the context of linear algebra, so far we have only developed the theory of a single vector
space. We want to expand our horizons and communicate between two different vector spaces,
perhaps to understand how similar or how different they are. Can we identify when two vector
spaces are fundamentally the “same”? What does “same” even mean? If two vector spaces are
“different”, whatever that means, can we develop a theory that measures how “different” they
are? To answer these questions rigorously, we need to study functions f : V. — W whose
domain is some vector space IV and whose codomain is another vector space W. But in order
for this to be a useful endeavor, we don’t want to consider any functions between vector spaces.
We want our functions to respect the vector space structure. This gives rise to the definition of a
linear transformation, which is the central definition of this chapter. Arguably, the notion of a
linear transformation is the most fundamental definition in all of linear algebra.

3.1 Linear transformations

To respect the vector space structure means to be compatible with the operations of addition and
scalar multiplication, the fundamental operations that define the algebraic structure of a vector
space. This compatibility is described formally by the following definition.
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Definition 3.1.1. Let V, W be vector spaces over the same field F. A functionT : V — W is
called a linear transformation, or a linear map, or a linear function, or simply linear, if the
following properties hold.

(1) Forallv,v' €V,
T(v+v")=T()+T).

(2) Forallv € Vand A € T,
T (M) = AT'(v).

Remark 3.1.2. Note that the addition and multiplication on the left side of each equality above
is occurring in V, while the addition and multiplication on the right side of each equality is
occurring in W. To emphasize, the vectors v and ¢’ live in V, and so v + ¢’ is the addition
operation in V, whereas T'(v) and T'(v') live in W, and so T'(v) + T'(v") is the addition operation
inW.

Example 3.1.3. Consider the map 7" : R — R given by T'(z) = 3z. Then T is linear. Indeed,
note that

T(x+y)=3(+y)
=3z + 3y
=T(z) +T(y)

and

T(A\zx) = 3(\x)
=\-3z
= \T'(x)

forallz,y € Rand A € R.
On the other hand, consider f : R — R given by f(x) = 3z + 1. The function f is not linear.
Indeed, note that

F2-1)=32-1)41=7
2-f(1)=2(3-1+1) =8.

Since f(2-1) # 2- f(1), it follows that f is not linear.

This last non-example is important: the concept of linearity in linear algebra is more restric-
tive than your colloquial understanding of linearity from a calculus perspective. In calculus,
the function f(z) = 3z + 1 would likely be thought of as “linear”, but it is not linear in the
technical sense.! We will consider more examples soon, but one important and identifying
feature of a linear transformation is that it always takes the zero vector to the zero vector. This
is another way to immediately recognize that f above is not linear.

Proposition 3.1.4. Suppose that T : V' — W is linear. Then T'(0) = 0.

'We would call such a function affine.
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Proof. Note that 7'(0) = 7'(0 - 0) = 0 - T'(0) = 0. Here, lienarity of 7" is used in the second
equality. O

Remark 3.1.5. Again I will point out the subtlety of the notation. In the above proof, there are
two different objects called “0”. One of them is the scalar 0, and the other is the 0 vector.

Example 3.1.6. Let A € M,,»,(F) Let T : F* — F™ be given by T'(z) = Az, where Az is the
usual matrix-vector multiplication of an m x n matrix by an n x 1 vector. Then T is a linear
transformation.

Example 3.1.7. Here is a more interesting example. Let 7" : P(R) — P(R) be the map given by
T(p)(x) = p'(x) for all p € P(F). In words, T is the map that eats a polynomial and takes the
derivative. Then T is linear. Indeed, let p,q € P(R) and A € R. To prove that 7" is linear, we
need to prove that T'(p + ¢) = T'(p) + T'(q) and T'(A\p) = AT (p). Using familiar properties of the

derivative from calculus, we have, for any z € R,

T(p+q)(z) = (p+q)(2)
=p'(x) + ¢'(x)
=T(p)(z) +T(q)(x)

and

Thus, T'(p + q) = T'(p) + T'(q) and T'(A\p) = AT'(p). This proves that 7 is linear.

Example 3.1.8. Let 0 : V' — W be the zero transformation, i.e., the map such that 0(v) = 0 for
all v € V. Then 0 is linear. Indeed,

O(v+w)=0=0+0=0(v)+0(w)

and

0(Av) =0=X-0= AcdotO(v).
Example 3.1.9. Let I : V' — V be the identity map, i.e., the map defined by I(v) = v for all
v € V. Then I is linear. Indeed,

Iv+w)=v+w=1(v)+ I(w)

and
I(M) = Av = A (v).
3.1.1 Kernels and images

Given a linear transformation 7' : V' — W, we want to understand its behavior in systematic
ways. To this end, two important features of a linear transformation are its kernel, also called
the null space, and the image, also called the range.
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Definition 3.1.10. Let 7" : V — W be a linear transformation. The kernel of T is the set
kerT' C V defined by
kerT:={veV|T(v)=0}.

The image of 7" is the set im 7" C W defined by
imT :={weW|w=T(v) forsomev € V }.

In words, the kernel is the set of stuff in the domain that gets mapped to the 0 element
of W, and the image is the set of all outputs of 7" in W. See the figure below for a heuristic
depiction of these sets. Note that other references use the notation N(7') in place of ker T', and
R(T) in place of im T'.

Example 3.1.11. Let P : R? — R? be the linear map given by P(x,y, z) = (z,y,0). In words, P
is projection onto the (x,y)-plane. To compute the kernel of P, we need to identify the set of
vectors (z,y, z) € R? such that P(z,y, z) = (0,0, 0). Using the formula for P, we get

ker P ={(x,y,2) | P(x,y,z) = (0,0,0) }
={(z,y,2) | (z,y,0) = (0,0,0) }
={(z,y,2) |[z=y=0}
= Span{(0,0,1)}.

Thus, in words, ker P is the z-axis. This makes sense geometrically: if you do a perpendicular?
projection of three dimensional space onto the (z,y)-plane, anything on the z-axis will get
squashed to the origin. To compute the image of P, we proceed as follows:

im P ={P(z,y,2) | z,y,z e R} ={(2,9,0) | 2,9,z € R} = Span{(1,0,0), (0,1,0)}.

In words, im P is the (z,y)-plane. Again, this makes sense geometrically: the set of all things
that a perpendicular projection onto the (z, y)-plane can produce is exactly the (x, y)-plane!

Example 3.1.12. Let V' be a vector space. Let 0 : V' — V be the 0-map, i.e., the linear transfor-
mation that sends everything to 0 defined by 0(v) := 0 for all v € V. Then ker(0) = V, and

*Technically, we don’t what this means yet!
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im(0) = {0}. On the other end of the spectrum is the identity map I : V' — V, defined by
I(v) =vforallv e V. Wehaveker ] = {0} andim [ = V.

Proposition 3.1.13. Let T': V' — W be linear. Then ker T is a subspace of V, and im T is a subspace
of W.

Proof. First, we show that kerT" is a subspace of V. Note that 7'(0y) = Ow by the above
proposition, so Oy € ker T'. Next, suppose that v,v" € ker T. Then

Twv+v)=TwW)+T@W)=0+0=0
so that v + v’ € ker T'. Similarly, if v € ker T"and X € F, then
T(\v) = AT(v) = X-0=0

so that Av € ker T'. Thus, ker T is a subspace of V.
Next, we show that im 7" is a subspace of W. Since Oy = T'(0y ), Oy € im T'. Next, suppose
that w,w’ € im T'. Then there are v,v" € V such that w = T'(v) and v’ = T'(v'). So

w+w =Tw)+TwW)=T(v+).

Thus, w+w’ is the image of an element in V, it follows that w+w’ € im 7T'. Similarly, if w € im T
and A € I, then writing w = T'(v) for some v € V' gives

Aw = N\T'(v) =T (\v)

and so Aw € im 7. Thus, im T is a subspace of W.
O

Now that we know that ker 7" and im 7" are subspaces, we can make the following defini-
tion. I won’t use this language at all throughout this text, but I bring it up because it is standard
and explains the name of the upcoming theorem.

Definition 3.1.14. Let 7" : V — W be linear, and suppose that ker 7" and im 7" are finite dimen-
sional. The nullity of T is
null(7) := dimker T

and the rank of T is
rank(7") := dimim 7.

Example 3.1.15. Let P : R? — R3 be the projection onto the (z, y)-plane as in Example 3.1.11,
given by P(x,y,2) = (z,y, z). Then

null(P) = dimker P = dim Span{(0,0,1)} =1

and
rank(P) = dimim P = dim Span{(1,0,0), (0,1,0)} = 2.
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3.1.2 Rank-nullity theorem

The following theorem is one of the most important results in linear algebra. In fact, it is
sometimes referred to as the fundamental theorem of linear algebra. In words, it describes a natural
balance between the relative size of the kernel and image of any transformation. In particular,
it says that if 7' : V' — W has a large kernel (so that it squashes a lot of stuff), then the image
(the rest of the stuff T spits out) can’t be very big. Likewise, if the kernel of 7" is small (so that
not much stuff got squashed), then the image of 7" will consequently be larger. The rank-nullity
goes further and gives a quantitative measurement of this phenomenon.

Theorem 3.1.16 (Rank-nullity theorem). Let T : V' — W be linear. Suppose that V' is finite
dimensional. Then
dimker 7'+ dimim 7T = dim V.

Remark 3.1.17. Note that there is no assumption of finite dimensionality of W! We only need
to assume V is finite dimensional.

Proof. Let n = dimV and let k¥ = dimkerT. Let {u1,...,u;} be a basis for ker T'. Because

{u1,...,ut} is a basis of ker T', it is a linearly independent set in V. We can extend this set to a

basis {u1, ..., Uk, Ugt1, .., Un} of V. We claim that {T'(tg+1),...,T(Uy)} is a basis for im 7.
First, we prove linear independence of {T'(t;+1),...,T(%y,)}. Suppose that

k1T (Upy1) + -+ + anT(Uy) = 0.
Then by linearity of 7', we have
T (g 1lpgr + -+ - + anlip) = 0.

Thus, agi1tgs1 + -+ + apt, € kerT. Since {uq,...,ur} is a basis for ker T, there exists
ai,...,a, € IF such that

A 1Upy1 + -0+ Qplp = a1uy + - - apug.

This implies

ajul + - - apup + —ag Ukl + o+ —apty, = 0.
Since {u1,..., Uk, Ukt1, ..., Uy} is linearly independent, a; = --- = ap, = —ap41 = = —a, =
0. In particular, apy; = --- = ap, = 0. Thus, {T'(Ug41),...,T(4y,)} is linearly independent.

Next, we show that {T'(tg41), ..., T(uy)} spans imT'. Let w € im7T. Then there exists
some v € V such that w = T'(v). Since {uq,...,ug, Ugt1,--.,Un} is a basis for V, there exist
bi,...,b, € Fsuch that

v=>bjus + -+ bpur + bpr1Ugy1 + - + bptp.
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Then

w =T (v)
=T (byus + - - - + brug + bgy1Ug+1 + - - - + bpty)
=0T (ur) + -+ + b1 (uk) + g1 T (Upt1) + -+ + bpT ()
= bp1 T (Ugr1) + -+ 4+ 0, T (Up).

The last equality follows from the fact that u; € ker 7" for 1 < j < k. Thus,
w € Span({7T (tgs1), ..., T (Up)})-

This shows that im 7" = Span({T'(tg+1), - - -, T'(Uyn)}), and so {T(tg+1), - .., T (4y,)} is a basis for
imT.

Since {T'(tUg+1),-- -, T(uy,)} has n — k vectors, it follows that dimim 7" = n — k. Thus,

dimker 7'+ dimim7T =k + (n — k) =n=dimV

as desired.
O

Example 3.1.18. Consider again the projection map P : R?* — R3 from Example 3.1.11 given
by P(z,y,z) = (x,y,0). We have previously computed that dimker P = 1 and dimim P = 2,
so it is indeed the case that dim ker P + dimim P = dim R3 = 3.

Example 3.1.19. Let R : R? — R? be the transformation given by R(z,y) := (—y, ). Geomet-
rically, this is counterclockwise rotation by 90 degrees. First we compute the kernel of R. Sup-
pose that R(z,y) = (0,0). Then (—y,z) = (0,0), and hence + = y = 0. Thus, if (z,y) € ker R
then (z,y) = (0,0), hence ker R = {(0,0)}. It follows that dim ker R = 0. Although we could
compute the image of R directly — and geometrically, it should be clear that im R = R? — we
could apply Rank-Nullity to conclude that

dimim R = dimR? — dimker R=2— 0 = 2.
Thus, since im R C R? is a 2-dimensional subspace of R?, it must be the case that im R = R?.

3.1.3 Injectivity and surjectivity

In order to develop more consequences of the rank-nullity theorem, we recall the notions of
injectivity (being one-to-one) and surjectivity (being onto). The following definition is very
general, and holds for any function between sets. Before I state the precise definition, it is
helpful to give an informal description based on the following picture.

74



The above figure depicts a function f : X — Y, where X and Y are both sets with three
elements, indicated by the black dots. The dashed arrows show where f sends each of the dots

in X. This function f is neither injective nor surjective.

¢ The function f is not injective, because two of the dots on the left get sent to the same dot
on the right. In words, a function f is injective if this never happens; that is, a function
is injective if, whenever you have two distinct points in the domain, their images under
the function are distinct.

o The function f is not surjective, because the topmost dot in Y, the codomain, is not
produced by f. In words, a function is surjective if it spits up everything in the codomain.

With this general figure in mind, here are the precise definitions of injectivity and surjectivity.
It is a good exercise to reconcile them with the picture above.

Definition 3.1.20. Let X, Y be sets,and let f : X — Y.
(i) The function f : X — Y is injective if f(z) = f(2’) implies x = 2.

(ii) The function f : X — Y is surjective if, for all y € Y, there is an z € X such that

f(z) =y.

Remark 3.1.21. We can unravel the definitions of injective and surjective to get the following

equivalent notions:

i) A function f : X — Y is not injective if and only if there exist = 2’ € X such that
6] j y

f(x) = f(@).
(ii) A function f: X — Y is surjective if and only if im f =Y.

If we know that a function is linear between two vector spaces, we can say even more about
the relation of injectivity to the linear structure. The following proposition is frequently used
in practice to determine injectivity of a linear transformation.

Proposition 3.1.22. A linear map T : V — W is injective if and only if ker T' = {0}.
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Proof. First, suppose that 7' is injective. Let v € kerT. Then note that 7'(v) = 0 = 7'(0). By
injectivity, it follows that v = 0. Thus, ker T" = {0}.

Next, suppose that ker " = {0}. Suppose that v,v" € V are elements such that 7'(v) = T'(¢v').
Then, by linearity of 7', we have T'(v — v’) = 0. Thus, v — v € ker T. This implies v —v' = 0,
and so v = v'. Thus, T is injective. d

If we know that the domain and codomain are finite dimensional and of the same dimen-
sion, we can give an even stronger relation between injectivity and surjectivity.

Proposition 3.1.23. Suppose that V, W are finite dimensional vector spaces such that dim V' = dim W
and that T : V' — W is linear. Then T is injective if and only if T' is surjective.

Proof. First, suppose that 7" is injective. Then dimker7" = 0. By the rank-nullity theorem, it
follows that 0 + dimim 7T = dim V. Since dim W = dim V, it follows that dimim 7T = dim W.
Since im 7" is a subspace of W, it follows that im 7" = W, and so T’ is surjective.

Next, suppose that 7" is surjective. Then im7T" = W, so that dimim7 = dimW = dim V.
Then the rank-nullity theorem implies

dimkerT =dimV —dimim7 = 0.

Thus, ker T = {0}, and so 7' is injective. O

ADD EXAMPLES AND DISCUSSION OF INTUITION

Exercises

1. For each of the following functions, determine if it is linear or not. If it is linear, prove it.
If it is not linear, prove it.

(a) The function T : R? — R? defined by T'(z,y) = (z,y, 7y).
(b) The function S : P(F) — P(F) defined by S(p)(x) = 2*p(z).

2. Let V,W be vector spaces, and let ' : V' — W be a surjective linear transformation.
Suppose that {v1,...,v,} C V is a set of vectors such that Span({v1,...,v,}) = V. Prove
that

Span({T'(v1),...,T(vn)}) = W.

3. Let V, W be vector spaces. Let T : V' — W be a linear map.

(a) Suppose that {v1,...,v,} C Visa collection of vectors such that {T'(v1),...,T(v,)} C
W is linearly independent. Prove that {v1, ..., v,} is linearly independent.

(b) Assume that 7' is injective. Prove that if {v1, ..., v,} is linearly independent, then

{T(v1),...,T(vn)}

is linearly independent.

Is this statement still true if you don’t assume that 7" is injective? Can you come up
with a counter example?
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4.

10.

11.

12.

In this problem, you'll need to remember a few basic facts from calculus. Let V' be the
(real) vector space of continuously differentiable® functions f : R — R, and let W be the
(real) vector space of continuous functions f : R — R. Let T': V' — W be the linear* map
defined by T'(f)(z) := f'(z).

(a) Prove that T'is not injective.

(b) Prove that T is surjective. [Hint: Think about the fundamental theorem of calculus!]

Let V and W be finite dimensional vector spaces, and suppose that 7" : V' — W is linear.
Prove that if dim V' < dim W, then T’ is not surjective.

Let T : R® — R? be given by T'(z,y, 2) = (z — y, 22).
(a) Prove that T is linear.

(b) Compute ker 7.
(c) Compute im7T.

. Suppose that T' : R? — R? is a linear transformation such that 7'(1,0) = (3,4) and

T(1,1) = (2,2). Compute T'(2, 3).
Give an example of a linear transformation 7' : R? — R? such that ker 7' = im 7.

Let V, W be vector spaces, and let W, be a subspace of W. Prove that
T'Wo) :={veV|Tw) ecWy}

is a subspace of V.

Let V' and W be finite dimensional vector spaces, and suppose that 7" : V' — W is linear.
Prove that if dim V' > dim W, then 7 is not injective.

Let V be a finite dimensional vector space, and let 7" : V' — V be linear.

(a) Suppose that V' =kerT +im7T. Prove that V =kerT & imT.

(b) Suppose that ker 7'Nim T = {0}. Prove that V =ker T' & im 7.
Let V be a vector space, and let Wy, W5 be subspaces such that V' = W; @& Ws. Define
a linear map P, : V. — V as follows. For each v € V, let v = w; + wy be the unique
decomposition of v with w; € W; and we € Ws. Then define P(v) := wj. This map is
called the projection onto W.

(a) Prove that P, : V — V is linear.

(b) Compute ker P; and im P;.

(c) Think about why this is called a “projection,” and reconcile this with your previous
understanding of a “projection.”

3 A function is continuously differentiable if f'(x) exists and is continuous. These words are here just to ensure that
what I'm about to define makes sense, so don’t let this scare you!
*You don’t have to prove T is linear, you can assume this.

77



13. True or false: there exists a linear transformation 7' : V' — V which is injective, but not
surjective.

14. Let F(R,R) be the real vector space of functions f : R — R (note that this includes
discontinuous and piecewise functions!). Define a map 7" : F(R,R) — R by

T(f) =)+ f(=1).

(a) (4 points) Prove that 7' is linear.
(b) (4 points) Prove that T is not injective.

(c) (4 points) Prove that T is surjective.

15. Let T : V — V be a linear map. Prove that 7% = 0 if and only if im 7" C ker 7.

16. True or false: If vi, v € V are linearly independent and 7' : V' — W is a surjective linear
map, then {T'(v1), T (v2)} is linearly independent.

17. True or false: Suppose that 7' : V' — W is a linear map such that ker T is finite dimen-
sional. Then V is finite dimensional.

18. True or false: If ', S : V' — V are operators such that ker 7" = ker S and im 7" = im S, then
T=S.

3.2 Coordinates and matrix representations

We have seen a number of vector spaces in class so far. For example, there are the familiar
vector spaces like
ao
3
R® = ai a; € R

az

and there are some vector spaces that, perhaps initially, were less familiar, like
PQ(R) = {ao +ai1xr + a2$2 ‘ a; € R}.

If you've thought to yourself these two vector spaces feel like the same thing, up to renaming, then
you're correct. The next few topics we discuss (coordinates, isomorphisms, and so on) will
make this notion formal.

We begin with the notion of coordinates in an abstract vector space. From lower-division
linear algebra, we are comfortable with numerical vectors like

1
2

—T

Moreover, they are useful for computations. In an abstract vector space V, the elements of V/
may not at all look like the numerical vectors above. For example, if V' is a vector space of
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colors, then the only true way we can reference an element of V' is by referring to the abstract
color it represents. While is this fine for many purposes, it would be nice to produce numerical
data that represents the abstract data of a vector space. This is the slogan of this section, and leads
to the notion of coordinates. The way that we do this is with a basis of V.

Definition 3.2.1. Let B = {uy,...,u,} be an (ordered) basis for a vector space V. Letv € V,
and let v = ajuy + - - - + a,u, be the unique expression of v as a linear combination of elements
of B. The coordinate vector of v with respect to 5 is

aj
[Zlp=] : | €F"
an
Remark 3.2.2. Note that the order of the elements in the basis matters! When we talk about

coordinates, we need to keep track of this order, which is why the above definition refers to
the basis as an “ordered basis.”

Remark 3.2.3. Note that this definition is only made for finite dimensional vector spaces. Using
coordinates in infinite dimensional vector spaces can be delicate.

In words, the above definition says the following: once you choose a basis B, you can pick
your favorite abstract vector v € V' and expand it as a linear combination of the elements of V.
If you collect all of the coefficients and put them into a numerical vector, you get the coordinate
vector of v with respect to 5. Let’s look at some concrete examples.

Example 3.2.4. Let p(x) = 1 — 222 € Py(R). Let B = {1,z,2?}. Thensince p(z) =1-14+0-x +
(—2) - 22, we have

@)= 0
-2

Note that the resulting coordinate vector depends on the choice of basis. For instance,
C={1,1+ux1+2%}
is another basis for P»(R). With p(x) = 1 — 22% as above, note that
p(x) = (3)(1) + (0)(1 + ) + (~2)(1 +2),

Thus,

p(@)lc=1] 0
-2

To emphasize, we have produced two different numerical coordinate vectors that represent
the same abstract vector p(x). The difference comes from the choice of basis.

Example 3.2.5. For a second simple but possibly bizarre example, consider the vector space R.
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Let 2 € R. Let B = {8}. Then since 2 = ; - 8, it follows that

2] =

We can go even further and find numerical representations (i.e., matrices) of linear trans-
formations. Before doing this, we will prove a result that, in words, says that the action of a
linear transformation on a vector space is entirely determined by what it does to a basis.

Proposition 3.2.6. Let T : V. — W be linear and suppose that V is finite dimensional with a basis
{u1,...,un}. Suppose that S : V. — W is another linear transformation such that S(u;) = T'(u;) for
al1<j<n.ThenS=T.

Proof. Let v € V. Because {uy,...,u,} is a basis for V, we can write v = aju; + - - - apuy, for

some ai,...,a, € F. Then

S(v) = S(ajur + -+ - anuy)
a1S(ur) + -+ - + apS(uy)
=a1T(u1) + -+ anT(up)

=T(a1ur + - apuy)

=T (v).
Since S(v) = T'(v) for all v € V, it follows that S = T.. O
Next, let V, W be finite dimensional vector spaces. Let B = {u,...,u,} be a basis for V,
and let C = {wy,...,w,} be a basis for W. For each 1 < j < n, we can consider the vector

T'(uj) € W. Since C is a basis for W, we have a unique decomposition
T(uj) = a1jwy + -+ AmjWnm

for some scalars a1, . .., an;. Here we have kept track of the j index in this list of coefficients,
because the scalars will depend on which vector u; we feed to T'. This tells us that the coordi-
nate vector of T'(u;) with respect to C is

[T (uj)]e =

amj

If we collect all of these vectors into one matrix, we get a numerical representation of the
abstract linear transformation 7'.

Definition 3.2.7. The coordinate matrix of 7 with respect to B, C, denoted [T3, is the m x n
matrix defined by

([T]%)U = aij.

80



In other words, to describe the matrix [T by its columns, we have

| | aip -+ Alp
Tl = | [T(w)le - [Tl | =

| | am1 - G

In words, the jth column of [T]5 is [T'(u;)]c.

Example 3.2.8. Let 7' : P3(R) — P»(R) be the derivative operator, i.e., the map defined by
T(p)(z) = p'(z), and let B = {1,z,2% 23} and C = {1, x, 2%} be (ordered) bases of P3(R) and
Py(R), respectively. We will compute [T5.

First, note that (1) =0=0-1+0-z + -z So [T(1)]¢ = (0,0,0). Similarly,

T(x)=1=1-1+0-2+0-2°
T
T

) =22=0-1+2-240- 2
) =322=0-1+0-2+3-2°

(
(

so that [T'(z)]c = (1,0,0), [T(z?)]c = (0,2,0), and [T(23)]c = (0,0, 3). Thus,

o N O
w o O

Example 3.2.9. Consider the identity map I : R?> — R?, that is, the linear transformation
defined by I(z,y) := (z,y) for all (z,y) € R?. For those of you reading that thought ah, so the
identity matrix, 1 urge you to banish that thought from your mind. The map I : R? — R? as
defined above is an abstract linear transformation, a priori not associated to any matrix. While
it is possible to associate the identity matrix to this transformation, there are multiple other
matrices that can be associated as well. For example, let B = {(1,0), (0,1)} be the standard
basis, and let C = {(2,1),(1,2)}. Then

| |
5= | (L0)e [1(0,1)e
| |

| |
= [(170)]C [(07 1)]C
| |

Next, note that (1,0) = 2(2,1) + —£(1,2) and (0,1) = —%(2,1) + 2(1,2). Thus,

[I](l:? = <_1 _2;)> .

To emphasize, this matrix above — definitively not the identity matrix — is a numerical rep-

Wl

resentation of the identity transformation. In linear algebra at this level, it is important to
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not immediately and intrinsically associate a matrix with an abstract linear transformation
R™ — R™. This association comes from a choice of coordinates, and this will be explored more
in the rest of this section.

Before we continue exploring coordinate representation of linear transformations, we have
the following important fact.

Proposition 3.2.10. Let V, W be vector spaces, and let T,S : V. — W be linear. Let X € F. Then
T + S and XT are both linear as well.

Proof. We prove the addition statement, and leave scalar multiplication as an exercise. Let
v,v' € V. Then

(T+8)(v+v)=Tw+)+ S+

T(w)+ T () + Sw)+ S
=[T(v) + S)]+ [T() + S)]
=(T+9)(v) + (T + S)(v).

Thus, 7'+ S is additive. The scalar multiplication property is similar, and the argument for \T'

is also similar. O

Corollary 3.2.11. Let L(V,W) :={T :V — W | T is linear }. Then L(V, W) is a vector space over
F.

Proof. Exercise. O

I'll emphasize in words the point of the above corollary. We have seen in the past that
spaces of functions can form vector spaces, so that a “vector” in such a vector space is a func-
tion. Linear transformations are functions, and so we can consider the space of all linear trans-
formations between two vector spaces, denoted L(V, W). The above results show that, indeed,
we can view L(V, W) as a vector space. The process of taking a coordinate representation of a
transformation respects the linear structure of £(V, W), in the following sense.

Proposition 3.2.12. Let V, W be finite dimensional vector spaces with (ordered) bases B,C, respec-
tively. Let T, S € L(V,W). Then [T + S)g = [T + [S] and [NT|G = \[TS for all X € F.

Proof. We show that addition statement, and leave the multiplication statement as an exercise.
Let B ={uy,...,up}and C = {wy,...,wy}. Then

T(uj) = arjwi + -+ + amjwn and S(uj) = brjwy + -+ + byjwm
for some scalars a;;, b;; € F. Then
(T + S)(uj) = (a1 + bij)wi + - - - + (@mj + bmj)wm.
Thus,
([T + S}%)ij = a;j + b;;

= (1), + (1S)%),, -
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This proves that [T + S| = [T1$ + [S]%. The other statement is similar, and is left as an

exercise. [
This proposition can be phrased in a more abstract way as follows:

Corollary 3.2.13. Let V, W be finite dimensional vector spaces. Fix ordered bases B and C of V and
W, respectively. Define ¢ : L(V, W) — M xn(F) by ¢(T) = [T1%. Then ¢ is a linear transformation.

Soon we will show that ¢ is in fact something called an isomorphism, which means that
L(V,W) and M, x,(F) are essentially the “same” as vector spaces!
Exercises

1. Let V, W be finite dimensional vector spaces such that dimV = dimW. LetT : V — W
be linear. Prove that there are (ordered) bases B and C for V' and W respectively, such
that [T is a diagonal matrix.

2. Let By = {1,z,2%} and By = {1,1 + 2,1 + = + 2%} be two (ordered) bases of P»(R) (you
may assume that they are bases, you don’t have to prove this.) Let

c 10 0 1 00 0 0
~1\o o)\o 0o)\1 o) \o 1
be the standard (ordered) basis of Ma(R).

(a) Define T : P,(R) — P5(R) by T'(p)(x) := p/(z). Compute [T]gf. (You may assume T’

is linear.)

(b) Define S : P(R) — M3(R) by

S(p) = (p’(O) 2p<1>)

Compute [S]5 . (You may assume S is linear.)

3. Let T : R? — R3 be defined by T'(x,y) = (22 + y,z — y,4y). Let B2 and Bs denote the
standard (ordered) bases of R? and R?, respectively. Compute [T] g;”.

4. True or false: If T, S € L(V) are operators such that 7' # S, then 7" and S are linearly
independent.

5. True or false: If T' € L(V) is a linear operator such that, for bases B, Bs, [T g? = I, is the
n x n identity matrix, then 7' = Iy is the identity transformation on V.

6. Let V, W be vector spaces. Let U C V be a subset (not necessarily a subspace). Define the
following subset of L(V, W):

U:={TcL(V,W)|T(u)=0forallucU}.

(a) Prove that U is a subspace of L(V, W).
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(b) Prove thatif U; C Uy, then UY C US.
(c) Prove that if Uy, Us are subspaces of V, then (U; + Uz)? = UY N UY.

3.3 Composition of linear maps

We saw in the previous section that two linear maps from the same domain can be added
together to produce another linear map. Although multiplication doesn’t make sense in a
vector space, there is a notion of “multiplication” at the level of linear maps. More precisely,
one can compose two linear maps when appropriate, by doing one after another. This is the
subject of the present section.

Definition 3.3.1. Let7 : V — W and S : W — U be functions. Then the composition of S and
T is the function So T : V — U defined by (S o T')(v) = S(T'(v)) forallv € V.

At this level of math, it is helpful to visualize composition by the following diagram:

T S

Vv w > U.

Notice also that function composition notation can be confusing: S o 7" means “do T first, then
do S.”

Proposition 3.3.2. Let T :V — Wand S : W — U be linear. Then S o T : V — U is linear.

Proof. We verify additivity. The scalar multiplication property is similar, and is left as an exer-
cise. Let v,v" € V. Then

Thus, S o T is additive. O

Proposition 3.3.3. Let T', S1, S2 be linear transformations between (varying) domains such that each
of the compositions below makes sense. Then

(i) To(S1+52)=ToS1+ToSyand (S1+ S2)oT =S10T + S30T.
(ii) (T'0S1)o0Sy="To(S1053).
(iii) A(S10.53) = (AS1) 0 Sy = 51 0 (AS7).
Proof. Exercise. O

Remark 3.3.4. Note that composition is not commutative. If S o T"is defined, the other compo-
sition 7" o S may not even be well-defined, let alone equal to S o T"! For example, if we were

given the set up

R T 25 R
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then the composition S o T makes sense, and is a function So 7 : R3 — R. However, T o S does
not make sense. If you feed something in R? to S, the output lives in R, and this cannot be fed
toT.

An important question to ask is how coordinate representations interact with composition.
In particular, if we have two linear maps 7" and S between finite dimensional vector spaces,
can we determine a relationship between the coordinate matrices of 7', S, and So7? Indeed, we
have the following result, which is the underlying motivation for the familiar and initially-odd
definition of matrix multiplication.

Theorem 3.3.5. Let V,W,U be finite dimensional vector spaces with (ordered) bases B,C, D,
respectively. Let T € L(V,W)and S € L(W,U). Then

[S o T]5 = [SIE[T]5-

Remark 3.3.6. In words, this theorem says that composition of linear maps corresponds to mul-
tiplication of the corresponding coordinate matrices.

Proof. Recall that the (7, j)-th entry of a matrix product AB is given
(AB)ij = AuBy.
k

Enumerate the elements of the bases as follows:

C={wy,...,wn}
D = {uy,...,us}.

Let Qj5 = ([S}CD)” and let bi]‘ = ([T}%)” Note that
(S 0T)(v;) = S(T(v5))

=9 <Z bkjwk>
k=1
= bi;S(wy)
k=1

m y4

== E bk,j E Qs Ug
k=1

1=1

14
E bkj AipUs.
1i=1

k=1 i

m

By commutativity and associativity of addition, we can reverse the order of the summations
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to get

1=1

12 m
(SoT)(vj) = Z <Z (likbklj> Uj

Thus, the (i, j)-th entry of [S o T|E is >_7" | aixbkj. By definition of matrix multiplication, this
is precisely ([S]Z[T]%);;. Thus,

[ o T]5 = [SI¢[T)5.
O
Example 3.3.7. Let T : P3(R) — ( ) be the map given by T'(p)(z) = p/(z). Let S : P»(R) —
P3(R) be the map givenby S(p)(z) = [y p(t) dt. Let B = {1,z,2% 2%} and C = {1, z,2?}. Recall
from Example 3.2.8 that
01 00
T%=10 0 2 0
000 3

Similarly, we can compute [S]5. Note that

/ tdt =
/ 2 dt = 3.
0

(

Recall that the fundamental theorem of calculus says that

O

| |
O

Thus,

o O = O
o O O
w= O O O

i T
d.ﬁU()

Phrased differently, this says that (7" o S)(p)(z) = p(x),and so T'o S = Ip, (). Indeed, we can
verify that

00 0
0100 100
100
0020 . =10 10
040
000 3 . 00 1
00 1

Since [T o SI§ = [Ip, (R)]g = I3, this verifies that [T o S]S = [T]§[S]5. Note that, in contrast, the
composition S o T' — differentiating first, and then integrating — corresponds via coordinate

86



matrices to the product

00 0 0000
0100

100 0100
. 0020]|=

040 0010
. \o oo 3

00 1 0001

Here, we are detecting the fact that 7" o S is not the identity map on P3(R). Indeed, when
you differentiate first you kill of all constant information, which is impossible to recover using
definite integration. Specifically, this is why the top left corner of the product above is 0.
Anyway, this example gives a purely linear algebraic discussion of the fundamental theorem
of calculus!

Finally, we state a result which captures the utility of passing to a coordinate matrix. In
words, it says the following: If you want to compute the coordinates of 7'(v), then multiply the
coordinate matrix of 7" by the coordinate vector of v.

Proposition 3.3.8. Let V, W be finite dimensional vector spaces with (ordered) bases B, D, respectively.
Let T : V. — W be linear, and let v € V.. Then

[T(v)]e = [T]5[v]5:

Proof. Enumerate the elements of the bases as follows:

C={wy,...,wn}

Write v = ajv1 + - - - apvy. Let by == ([T]lcg)” Then
T(w)=T Zajvj
j=1
n
= Za,jT(’Uj)
j=1

n m
= Z a; Z bijw;
j=1 =1
m n
- Z Z bjj aj; | W;.

i=1 \j=1

Thus, the ith entry of the coordinate vector [T'(v)]c is 3_7_, bija;. But this is precisely the ith
entry of the matrix vector product [T§[v]s. Thus,
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Exercises

1. Let A : P(R) — P(R) be the linear map defined by A(p(z)) = zp(x). Define a map
da: LIP(R)) = L(P(R)) by ¢pa(T) :=T o A.
(a) Prove that ¢4 is linear.

(b) Prove that ¢ 4 is not injective.

[Hint: think about polynomials in terms of their coefficients.]

2. This problem is mostly an exercise in processing and working with multiple layers of
abstraction. This is a difficult and important skill that arises all over the place in math! If
you get stumped, focus on working with the relevant definitions as directly as possible.

(a) Let V, W be vector spaces. Let T',S € L(V,W) such that T # 0, S # 0, and im 7' N
im S = {0}. Prove that {7, S} is a linearly independent subset of L(V, W).

(b) LetU, V, W be vector spaces. Forany A € L(W,U), define a function Fy : L(V, W) —
L(V,U) as follows: forall T € L(V, W),

FA(T) = AOT

(i) Prove that Fy : L(V,W) — L(V,U) is linear.

(ii) Suppose that A is injective. Prove that F4 is injective.
3. Let F4 be the same linear map defined in the previous exercise. Define a map
F: LW U) — LIL(V, W), L(V,U))

by F(A) := F4. Prove that F is linear. Think about whether F' could be surjective or
injective.

3.4 Invertibility

The notion of invertibility is central in linear algebra, and more generally in all of math. There
are many ways to motivate invertibility, but perhaps the most natural is to consider the setting
of solving equations. Suppose we have a function f : X — Y and a fixed element yy € Y, and
we are interested in solving the equation f(x) = yo. That is, finding all elements z € X such
that f(z) = yo. We have the following heuristics:

o Existence of solutions corresponds to surjectivity of f. That is, if f is surjective, then there
will always be at least one x € X such that f(z) = yo.

o Uniqueness of solutions corresponds to injectivity of f. That is, if a solution to f(z) = yo
exists (and it may not!) then it must be unique.

o Existence and uniqueness together corresponds to invertibility of f. Thatis, if f is invertible,
not only can you always find a solution to f(x) = yo, but there will always be only one.
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Next, before defining invertibility formally, I will show you a picture of what an invertible
function looks like.

In words, a function is invertible if it can be “undone”, i.e., if you can completely reverse
the effect of applying f. In the picture above, the function f, depicted by the left-to-right
dashed black arrows, can be “undone” by defining a function g : ¥ — X, given by the right-
to-left dotted blue arrows, which just sends everything back the way it came. Crucially, the
existence of such a function g requires f to be both surjective and injective. With that being
said, existence of such a function g is precisely the formal definition of invertibility.

Definition 3.4.1. Let f : X — Y. We say that f is invertible if there is another function
g:Y = Xsuchthatgo f=Ixand fog=Iy.

Example 3.4.2. First, we consider an example out of the realm of linear algebra. Let [ :
[0,00) — [0,00) be given by f(z) = 2% Let g : [0,00) — [0,00) be defined by g(z) = /z.
Then

(fog)(z) = f(g(x))
= (Vx)?

Since (f o g)(x) = z forall x € [0,00), f 0 g = I|p o). Similarly, one can check that (go f)(z) = »
forall z € [0, 00). Thus, f is invertible.

Although invertibility is a completely general notion, from now on we will specialize to
considering invertibility of linear functions between vector spaces. Thus, given a linear map
T : V — W, we are interested in the existence of a function (which, a priori, may or may not
belinear!) S: W — Vsuchthat SoT = Iy and T o S = Iyy.

Example 3.4.3. Let V be a vector space over F, and let A # 0 € F. Define a linearmap 7" : V —
V by T'(v) := Av. We claim that 7T is invertible. Indeed, define S : V' — V by S(v) := A" lw.
Then

(ToS)(v) =T(S(v)) =T(A ') =M "Tw=u

and
(SoT)(v) =S(T(v)) =S\w) = A" v =0.
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Thus, T oS = Iy and S o T = Iy, and so T is in fact invertible.

Proposition 3.4.4. Let T': V — W be linear. Suppose that T is invertible. Then the map S : W — V
satisfying S o T' = Iy and T o S = Iyy is unique and linear.

Proof. First, we prove uniqueness. Suppose that S’ : W — V also satisfies S’ o T' = Iy and
T o 8" = Iy. Then note that

S'=5"oly
=8"0(ToS)
=(8"oT)o0 S
—IyoS
= 5.

Thus, S” = S and so S is unique.
Next, we prove that S is linear. As usual, we show that S is additive and leave the scalar
multiplication property as an exercise. Let w, w’ € W. Then note that

S(w+w') =S (Iw(w) + Iw(w'))
=S ((T o S)(w) + (T o S)(w')))
=S (T(S(w)) + T(S(w")))
= S (T(S(w) + S(w")))

=(SoT)(S(w)+ S(w'))
= Iy (S(w) + S(w"))
= S(w) + S(w')
Thus, S is additive, as desired. O

Now that we have proven that the function S : W — V that undoes an invertible map
T :V — W is unique, we are allowed to give it a special notation and name.

Definition 3.4.5. Let 7' : V' — W be an invertible linear map. The inverse of 7', denoted 71,
is the unique linear map 7 : W — V such that T o T = Iy and T o T~ = Iyy.

Next, we formalize the heuristic stated at the beginning of this section, namely, that invert-
ibility is equivalent to being both injective and surjective.

Proposition 3.4.6. Let T' : V. — W. Then T is invertible if and only if T is both injective and
surjective.

Proof. First, suppose that T is invertible. Suppose that T'(v) = 0 for some v € V. Applying 7!
to both sides gives T (T'(v)) = T71(0). Since T~! o T' = Iy, the left side of this equality is
simply T~1(T(v)) = Iy (v) = v. Since T~ is linear, the right side is 7-1(0) = 0. It follows that
v = 0. Thus, ker T' = {0} and so T is injective. Next, let w € W. Then note that T(T~(w)) = w,
and so 7' is surjective. Therefore, T" is both injective and surjective.

The other direction is left as an exercise. O
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Proposition 3.4.7. Suppose that V, W are finite dimensional vector spaces. If T : V. — W is an
invertible linear transformation, then dim'V = dim W.

Proof. Since T is invertible, it is injective. Thus, kerT = {0} and so dimkerT" = 0. Since T
is also surjective, im7" = W and so dimim 7" = dim W. By the rank nullity theorem, it then
follows that

0+dmW =dimV

and so dim V = dim W. O

Example 3.4.8. Let P(R) denote the vector space of polynomials of any degree with coefficients

in R. Consider the derivative map £ : P(R) — P(R) defined by L (p(z)) := p/(x). Note that

d

4 (1) =0, and so ker L  {0}. Thus, - is not injective and hence is not invertible.

Example 3.4.9. Let T : R? — R? be given by T'(z,y) := (—y,z). Geometrically, T is counter
clockwise rotation by 90 degrees. We claim that 7" is injective. Indeed, suppose that 7'(z,y) =
(0,0). Then (—y,x) = (0,0) and so = y = 0. This implies that ker 7" = {(0,0)} and hence T
is injective. Since the domain and codomain of 7" are both 2-dimensional, it follows that 7" is
also surjective and thus invertible. Moreover, one can verify that T-1:R? -5 R?%is given by
T~ Y(x,y) = (y, —). Indeed, note that

(ToT ") (z,y) =T(y,~z) = (z,9)

and
(T~ o T) (@) = T (~y,2) = (2,1).

Next, we formalize the idea that we have referenced above where we can identify two
vector spaces as “essentially the same, up to a change in clothes”.

Definition 3.4.10. Let V, W be vector spaces. We say that V' and W are isomorphic if there is
an invertible linear map 7" : V' — W. In this case, we say that 7" is an isomorphism from V' to
W. We also sometimes write V' = W.

Remark 3.4.11. This language can be a little confusing the first time you see it, but for our
purposes you can take “isomorphism” and “invertible linear map” to be synonyms. We use
this word simply to distinguish functions f : V' — W between vector spaces that are invertible,
but not linear.

Example 3.4.12. Consider the vector spaces

and
Py(R) = {a+bx+cxz |a,b,ceR}.
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We claim that R? = P»(R), that is, R? and P(R) are isomorphic as vector spaces. Indeed, to
prove this it suffices to provide an invertible linear transformation 7' : R3 — P»(R). Define
such a map as follows:

a
Tlbv| :=a+bx+
c

Note that 7" is a linear map. Recall that dim R? = 3 = dim P5(R), and so to prove that 7" is
invertible it suffices to prove that 7" is injective. Suppose that T'(a,b,c) = 0. Then since 0 is
the 0-polynomial, it must be the case that a = b = ¢ = 0. Thus, ker 7" = {(0,0,0)} and so 7" is
injective. It follows that T’ : R? — P»(R) is an isomorphism, and so R? = P,(R).

Note that R? and P»(R) are isomorphic in many different ways. For example, another
isomorphism is given by S : R?® — P»(R) defined by

=c+ax+ (a+b+c)’

95)
o o

Next is one of the main punchlines of abstract linear algebra, namely, that finite dimen-
sional vector spaces are characterized up to isomorphism by their dimension.

Theorem 3.4.13. Let V, W be finite dimensional vector spaces. Then V and W are isomorphic if
and only if dim V' = dim W.

Proof. First, suppose that V' = . By definition, there exists an invertible linear map 7" : V" —
W. By Proposition 3.4.7, dim V' = dim W.
Next, suppose that dim V' = dim W. Let

B:={vi,...,v,}
C:=A{wy,...,w,}

be bases for V' and W, respectively. Define T": V' — W as follows. For ajv1 + - - + a,v, €V,
define

T(ajvy + -+ apvy) = aqwi + -+ - + apwy.

In other words, we are defining 7" by T'(v;) := w; and “extending by linearity.” In particular,
recall by Proposition 3.2.6 that the behavior of a linear map is completely determined by its
behavior on a basis.

First, note that 7" is clearly linear. Next, we claim that 7’ is injective. Suppose that T'(a;v1 +
-+ 4 apvy) = 0. Then aywy + - - - 4+ apwy, = 0. Since C is a basis, it is linearly independent, and
soa; = - - = a, = 0. Thus, ajv1 + - -+ + a,v, = 0. This shows that ker 7" = {0}, and so 7' is
injective. Since dim V' = dim W, T is also surjective by Rank-Nullity. Thus, T is invertible, and
therefore is an isomorphism from V' to W. O

Corollary 3.4.14. Let V' be an n-dimensional vector space over F. Then V = TF".
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3.4.1 Invertible matrices and coordinate representations
Closely related to the notion of invertibility for abstract linear transformations is the notion of
invertibility for matrices.

Definition 3.4.15. A matrix A € M,,«,(F) is invertible if there is another matrix B € M, (F)
such that AB = I,,, and BA = I,,.

The following proposition summarizes properties of invertible matrices in analogy to the
theory developed above. The proof is left as an exercise.

Proposition 3.4.16. Let A € My, xn(F) be an invertible matrix. Then m = n and the matrix B €
Mo (F) = My, satisfying AB = I, and BA = I,, is unique. We then use the notation A~! := B
and call A~ the inverse of A.

Example 3.4.17. Let A € M>(R) be given by

A=t 2.
0 3
Note that
12\ (1 =2\ (10
03/)\o &) \o1
and

_2
Thus, A is invertible and A~! = (é 13> .

Remark 3.4.18. You are likely familiar with other techniques for investigating invertibility of
matrices (determinants, formulas, row reduction). As usual, this will not be the focus of this
chapter. In Chapter 6 we will formally develop the theory of determinants and return to the
notion of invertibility for matrices.

The relation between invertibility of abstract linear transformations and matrices is, unsur-
prisingly, given by the transformation-matrix correspondence coming from coordinate repre-
sentations. Formally, we have the following proposition.

Proposition 3.4.19. Let V., W be finite dimensional vector sapces with (ordered) bases BB,C, respec-
tively. A linear map T : V. — W is invertible if and only if the coordinate matrix [T is invertible.
Moreover,

T8 = (715)
Proof. First, suppose that T is invertible. Then, by definition, 7' o T'= Iy and T o T~ ! = Iyy.

Taking coordinate matrices gives
T 'oT)E =[Iy]E  and [T 0T YS = [Iw]S.

By Theorem 3.3.5, and the fact that [I\/]8 = [Iw]S = I,,, where n = dim V' = dim W, we then
have
[Til}lg[Th% =1, and [T}%[Tﬁl}g =1,.
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Thus, [T§ is invertible and ([T]%)_l =[T715.
Next, suppose that [T]§ is invertible. Let b;; := ([T]%);l Let B = {v1,...,v,} and C =
{wi,...,wy}. Define S : W — V onC as

S(wj) = bijvr + -+ + byjvn
and extend the definition of S to W by linearity. Then, by definition, [S]5 = ([7]5)~!. Then
[ o T]5 = [SIE[T)5 = ([T]5) ' [T)5 = In-
This means that (S o T')(vj) = v; for all 1 < j < n. By linearity, it follows that SoT' = Iy,. By a
similar argument, one can show that 7" o S = Iy, and so 7' is invertible. ]

Now that we have the language of isomorphisms, we can rephrase the nature of the corre-
spondence between transformations and matrices in a rigorous way. This is a perfect example
of the power of abstraction and the reason why it is worth developing linear algebra abstractly.

Proposition 3.4.20. Let V' be an n-dimensional vector space with basis B, and W an m-dimensional
vector space with basis C, both over F. Then the linear map ¢ : L(V, W) — My, xn(F) from Corollary
3.2.13 given by ¢(T') = [T is an isomorphism.

Proof. As we have already proven that ¢ is linear (Corollary 3.2.13) it suffices to prove that ¢ is

invertible. To do this, we will show that ¢ is injective and surjective. First, let B = {vy,...,v,}

First we prove injectivity of ¢. Suppose that ¢(7") = 0,;,xn. Let v € V. Then

0
[T(v)le = [T]lc’j’[“]B =Omxn[vlg=|: | € F™.
0

This implies that T'(v) = Ow; +- - - + 0wy, =0 € W. Thus, T =0 € L(V, W), and so ker ¢ = {0}.
Thus, ¢ is injective.
Next, we show that ¢ is surjective. Let A € M,;,«,,(F). Define T : V' — W on B by

T(vj) = ajjwi + - + Gmjwm,

and extend the definition of T" to V by linearity. By definition, ¢(7') = A. Thus, ¢ is surjective.
This proves that ¢ is an isomorphism, and so L(V, W) = M, xn(F). O

Since dim My, xr (F) = mn, we have the following immediate corollary.
Corollary 3.4.21. Let V and W be F-vector spaces of dimensions n and m, respectively. Then

L(V, W) 2 Mypyn(F) = F™™

and in particular dim L(V, W) = mn.

Remark 3.4.22. All of this stuff about £(V, W) has been phrased in very abstract language.
To emphasize the point in down-to-earth language, these results show that there is perfect
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correspondence between abstract linear maps V' — W and matrices. This correspondence is

not unique, though, and depends on the choice of bases in the domain and codomain.

Exercises

1.

Let P(R) be the vector space of all polynomials of any degree. Define T" : P(R) — P(R)
by T'(p(z)) = % (zp(z)). Prove that T is invertible.

Let V, W be finite dimensional vector spaces, and let 7' : V' — W be linear. Let 3 be a
basis for V. Prove that 7" is an isomorphism if and only if the set

T(B):={T(u) |lue B}

is a basis for W.

For each of the following linear maps, determine whether it is an isomorphism. Justify
your answers with proof.

(a) T : R? — Py(R) defined by T'(a1, a2, as) = (a1 — as) + asw + a7

(b) T : P3(F) — M>(FF) defined by

ap a
T(ag + ayz + agx?® + azz®) = ( 0 1) )
a2 as

(c) T : M, (F) — M,(F) defined by T(A) = AT. Here, AT is the transpose of 4, i.e., the
matrix defined by (AT);; := Aj;.

Let V, W be vector spaces and let 7' : V' — W be linear. Prove that T is surjective if and
only if there exists a linear map S : W — V such that T o S = Iyy.

. Let V, W be vector spaces and let 7" : V' — W be linear. Prove that T is injective if and

only if there exists a linear map S : W — V such that So T = Iy.

. Let V, W, U be vector spaces, and let 7 : V' — W and S : W — U be invertible. Prove that

SoT :V — U is invertible.

. SupposethatT : V — Wand S: W — V are maps such that 705 : W — W is invertible.

Is it true that T and S are both invertible?®

. Suppose that T : V — V and S : V — V are maps such that 70 S : V' — V is invertible.

Is it true that T and S are both invertible?°

. Let V be finite dimensional. Suppose that7 : V' — V and S : V' — V are maps such that

T oS :V — Visinvertible. Is it true that 7 and S are both invertible?”

°Hint: The answer is no. Can you find an example?
®Hint: The answer is still no. Can you find an example?
"Hint: Finally, the answer is yes! Try to prove it.
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10. Let V be a vector space of dimension n, and let vy € V be a fixed nonzero vector. Let
W= {v}’ = {T € L(V,V) | T(vy) =0} C LV, V)

be the subspace of L(V, V') consisting of transformations that send vy to 0. In this exercise,
we will compute dim W.

(@) Letg : L(V,V) = V be given by ¢(T) := T'(vp). Prove that ¢ is linear and surjective.
(b) Use the Rank-Nullity theorem to prove that dim W = n? — n.

(c) Consider a set of independent vectors {v1,...,v,,} C V. Define
Wi o= {v1,...,om}° ={T € L(V,V) | T(v;) = 0forall1 < j <m} c L(V,V)

as a generalization of W above. Adapt the above argument to prove that dim W,,, =

n? — mn. You will have to change the codomain of ¢!

11. Let F(R,R) be the real vector space of functions f : R — R. Given g € F(R,R), define a
map Ty : F(R,R) = F(R,R) by Ty(f)(x) := g(2) f ().
(a) Prove that 7T} is linear for any g € F(R,R).
(b) Let g € F(R,R) be defined as

Prove that T}, is not injective.
(c) Let g(z) = 2*. Prove that T}, is not surjective.

(d) Let g(x) = €”. Prove that T} is an isomorphism.
12. Let V, W be vector spaces over the same field F. The product of V and W is the set
VxW:={(v,w)|veV,weW}.

(a) With addition on V' x W defined as (v,w) + (v, w’) := (v + v', w + w’) and scalar
multiplication defined as (v, w) := (Av, Aw), V' x W is a vector space over F.

(b) Suppose that V, W are finite dimensional and that dim V' = n and dim V' = m. Prove
that
V x W FT,

13. This exercise requires knowledge of quotient vector spaces; see 2.6.1. In particular, this
exercise will introduce you to an important theorem called the first isomorphism theorem.
LetT : V — W be linear, and suppose that 7" is surjective. The first isomorphism theorem
says that

V/kerT = W.
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We will prove this as follows. First, recall that elements of V/kerT are equivalence
classes denoted by [v], where v is a choice of representative for that equivalence class.
Define amap ¢ : V/kerT' — W by ¢([v]) := T'(v).

(a) Show that ¢ is well-defined. That is, show that if v,v" € V such that [v] = [¢/], then
o([v]) = ¢([v']).

(b) Prove that T is linear.

(c) Prove that T'is injective.

(d) Prove that T is surjective, and conclude the statement of the first isomorphism the-
orem. Note that we have not assumed finite dimensionality!

One can actually conclude the Rank-Nullity theorem as a consequence of the first iso-
morphism theorem.

(e) Assume now that V and W are finite dimensional, and that 7' : V' — W is a linear
map (non necessarily surjective). By considering the restricted linear map 7" : V' —
im 7', use the first isomorphism theorem together with facts about the dimension of
a quotient vector space to conclude that

dimV —dimkerT = dimim 7.

3.5 Change of coordinates

Now the we have the theory of compositions and invertibility under our belt, we will return
to the idea of coordinate representations of abstract linear transformations. In particular, this
section will discuss the notion of change of coordinates. For the time being, we will focus on
linear maps from a single vector space back to itself: 7' : V' — V. In this case we will call T" a

linear operator on V, we will write
LV) =LV, V)

to denote the space of all linear operators on V/, and if B is a basis for a finite dimensional space

V then we will write

for the coordinate matrix with respect to 5 in both the domain and codomain.

To motivate change of coordinates, I will start off with a simple example. Consider the
linear transformation 7' : R? — R? defined by T'(z,y) = (2z + y,z + 2y). Currently, this is
an abstract linear transformation. One of the things we like to do with abstract linear trans-
formations is to obtain a numerical representative (a matrix) of that transformation by picking
a basis; i.e., computing the coordinate matrix of 7". This is nice, because matrices are easy to
do computations with. But, as has been observed, picking different bases will lead to different co-
ordinate matrices. To be concrete, let’'s compute a coordinate matrix for 7" using two different
bases.
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¢ The easiest basis to use is the standard basis B = {(1,0), (0,1)}. To compute [T]5, note

that

T(1,0) = (2,1) = 2(1,0) + 1(0,1) andso [T(1,0)]s = (i) .
Similarly,

T(0,1) = (1,2) = 1(1,0) + 2(0,1) andso [T(0,1)]s = (;) .
Therefore,

| | -
Tls = | 1005 [1(0,1))s =(1 2>-
| |

o Next, let’s use the basis B’ = {(1,1), (1, —1)}. To compute [T']5, note that
T, 1) = (3,3) = 3(1,1) 4 0(1,—1) andso [T(1,1)]g = (‘3) .

Similarly,
T(1,~1) = (1,—1) = 0(1,1) + 1(1,—1) andso [T(1,~1)]g = <O> .

Therefore,

| |
Tls = | [T V)s [0 -Dls :(3 (j)

So with our two choices of bases, B and 5/, we have produced two different coordinate matrices
for the same transformation:

I will keep emphasizing the point that even though these are different matrices, they represent
the same abstract linear transformation. Picking different coordinate systems and switching
between them is often a useful endeavor in linear algebra. For example, the standard coordi-
nate system given by B above is nice because the basis B is simple, but the resulting matrix
[T]5 is comparatively complicated. The coordinate system induced by 5’, while using a more
complicated basis, results in a diagonal matrix [T'|z which is much simpler than [T]z. In gen-
eral, we want to understand how to translate between two different coordinate systems. In
other words, in our example above, we want to identify an explicit relationship between the

T]s = (f ;) and  [Tlw = (3 2)

We can do so by remembering how coordinate matrices interact with composition of transfor-

matrices
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mations. In particular, recall from Theorem 3.3.5 that in the general situation V' Lwiu
where V, W, and U are finite dimensional vector spaces with bases B3,C, and D respectively, we
have the formula

(S o TIE = [SIE[T5.

Returning to our motivating example of T : R? — R? where T'(z,y) = (2z + y,z + 2y), I will
cleverly apply this formula to relate the two different coordinate matrices [T']z and [T]g. In
particular, note that
T =T, R2 © T ol R2

where I> : R? — R? is the identity map. In words, the above formula just says that if you

(1) do nothing, then

(2) do T, then

(3) do nothing again,
that this is the same as just doing 7. Next, I will visualize the composition I o T o Iy using

the following diagram:

(R2,B) —= 5 (R%, B) —L— (R%, B') — 2 (R, B).

Here, the notation (R?, ) just means I am thinking about the vector space R? being equipped
with the basis B, and (R?, B’) means I am thinking about the vector space R? being instead
equipped with the basis B'. Applying Theorem 3.3.5 to this composition, we have

[T)s = [T]3
= [Ig2 o T o Ip2]

/

B (B B
= [Ire]p [T]5 [Ir2]5 -
This gives us a concrete relationship between the coordinate matrices [T]z and [Tz, and this
motivates the main definition of this section.

Definition 3.5.1. Let V be a finite dimensional vector space. Let B, B’ be two different bases of
V. The matrix @ := [I V]g/ is the change of coordinate matrix from 5 to B'.

Example 3.5.2. Consider the linear transformation 7' : R? — R? defined by T'(z,y) = (27 +
y,z + 2y) as above, and let B = {(1,0),(0,1)} and B = {(1,1),(1,—1)}. We will compute
the change of coordinate matrix ) from B to B'. By the above definition, this is the change of
coordinate matrix ) = [/] g/, where I = I is the identity map. Note that

10,0) = (1,0) = S(1,1) + (1, -1)
1

100,1) = (0,1) = %(1, 1)+ (~5)(1,-1)

and so

[1(1,0)]p = (

DOl Bl

Similarly, note that
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and so

1
(0, 1)) = ( ) .

Therefore, the change of coordinate matrix from B to B’ is

N[ =

\ |
= | [1(1,0)]z [1(0,1)]m
\ |

The following theorem summarizes and generalizes many of the observations we’ve made
so far about changing coordinates.

Theorem 3.5.3. Let V be a finite dimensional vector space, and let B, 5’ be two different bases of
V. Let Q = [Iv]3 be the change of coordinate matrix from B to B3'.

(i) The matrix () is invertible.

(ii) Foranyv €'V,

(iii) Forany T € L(V),
115 = Q7' [T]5Q.

Remark 3.5.4. In words, part (ii) of this theorem justifies the “change of coordinate matrix”
name: it says that if you have the B-coordinates of an abstract vector v, given by the coordinate
vector [v]p, and you want the B’-coordinates of the same vector, you multiply [v]s by Q.

Proof. This proof is a compact summary of many of the computations we did in the above
motivating example.

(i) Since Iyy : V' — V is clearly invertible, by a proposition from the previous lecture it
follows that @ is invertible.

(i) Note that
s = [Iv(v)lp = [IV]E [v]s = Q[v]s.

(iii) Note that
[T)s = [Iv o T o Iy)s = [Iv]5 [T)s [Iv]E .
Since Q! = ([Iv]g')il = [I;'15, = [Iv]5,, it follows that
[T)5 = Q[T Q.
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O]

Example 3.5.5. Suppose that V' is a vector space over R with dim V' = 3. Let B = {v1,v2,v3}
and B’ = {v], v5, v5} be two bases of V. Suppose the change of coordinates matrix from B to B’

is

Suppose also that v € V is the abstract vector v = 2v; — v9 + 3v3, expressed as a linear combi-
nation of B. If we want to write v instead as a linear combination of B, we can use the change
of coordinate matrix. The fact that v = 2v1 — vy + 3w; tells us that

2
vp=1-1
3
By Theorem 3.5.3, we have
1 2 3 2
[vls = Q[v]s = -1 [-1]=1]5
0 2 0 3 -2

Thus, this tells us that, abstractly, v = 9v] + 5vy — 2vs3.

Here is a fancy way to visualize all of this nonsense that we’ve talked about with coordi-
nate representations and coordinate changes. Suppose we have a linear operator ' € L(V)
on a finite dimensional vector space. Diagrammatically, this is represented by the following
diagram:

v L.y

Next, choose a basis B for V, and let fz : V' — F" be the map that sends a vector v € V to its
coordinate vector [v]g. That is, fz(v) = [v]g. This choice of coordinates allows us to pass to a
new “equivalent” row of the diagram. Corresponding to the map 7" is the map F"* — F" given
by multiplication by [T'].

v L.y

lfB lfB
n Tls o
F* —— F
On the other hand, we could pick a different basis B’ and get a different, yet also equivalent

row!

Fn [T}B/ Fn

TfB/ Tfsl
T

V—V
o,
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The change of coordinate matrix is the direct translation between the bottom and top row.

Fn (T Fn

o]

Rl v L v e

Ll

Another way to capture many of the ideas discussed in this section is to introduce the
notion of similarity. Recall that in the motivating example at the beginning of this section, we
obtained two different matrix representatives for a single linear transformation:

(2) = 03)

These matrices both represent the same transformation, after a change in coordinates. This
is precisely what it means to say that the two matrices are similar, as given by the following
definition.

Definition 3.5.6. Two operators T' € L(V') and S € L(WV) are similar if there is an isomorphism
¢:V — WsuchthatT = ¢! 0So¢. Likewise, two matrices A, B € M, (F) are similar if there
is an invertible matrix Q € M, (F) such that A = Q' BQ.

To emphasize, you should think about similar operators or similar matrices as being ob-
jects that represent the “same” transformation, up to a change in coordinates or change in
perspective in a different vector space.

Example 3.5.7. Let P(R) be the vector space of polynomials in any degree with coefficients in
R. Let R* be the vector space of sequences with finitely many nonzero entries. That is,

R> := {(ag,a1,az,...) | a; # 0 for finitely many j }.
First, we claim that P(R) = R*>. Let ¢ : P(R) — R be given by
dlap + a1z + -+ 4+ apx™) = (ag,a1,...,a,,0,...).

It is straightforward to check that ¢ is an isomorphism.
Next, we define two operators, one on P(R) and one on R*. Let 7" : P(R) — P(R) be given
by T'(p(z)) := xp(z). Let S : R> — R> be the “right-shift” operator given by

S(ap,a1,az,...):=(0,ap,a1,...).

We claim that 7" and S are similar, so that they fundamentally represent the “same” transfor-
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mation. Indeed, note that

(¢~ oS o¢)(ag + arx + - anz™) = ¢~ H(S(P(ap + a1z + - - - apz™)))
= ¢ *(S(ao,a1,...,a,,0,0,...))
= ¢ 10,a0,...,00_1,0a,,0,...)
= aor + a12® + - + apz™ !
=z(ag+ a1z + - - - apx")

=T(ap + a1z + -+ + apx™).

Thus, T = ¢~ ' 0 S o ¢, and so T and S are similar. The diagram representing this situation is

the following:
R —% 5 R®
d |
P(R) —— P(R)
Exercises

1. Let By = {222 — 2,322 + 1,2?} and By = {1, x, 2%} be two bases of P»(R) (you don’t have
to prove that they are bases).

(a) Compute the change of coordinate matrix from B;-coordinates to B2-coordinates.

(b) Let p(x) € P»(R) such that [p(z)]|z, = (1,2,3). Whatis [p(x)]s,? What is p(x)?

2. Let V be an n-dimensional vector space over F. Let B; = {v1,...,v,} be a basis of V. Let
() be an n x n invertible matrix with entries in F. Define a set C = {wy, ..., w,} by

n
wj = E Qijvi.
=1

Prove that C is a basis for V, and compute the change of coordinate matrix from B to C.

3. True or false: Let V' be an n-dimensional real vector space with (ordered) bases B; and
B2, and let () be the change of coordinate matrix from 5; to B,. Then the transformation
T : R™ — R" defined by
I I
T|:]=¢@
Tn T

is invertible.

3.6 Dual spaces

There is a meta-principle in mathematics that if you are interested in an object X — this
could be a vector space, a geometric object, or anything at all — it is insightful to study the

103



functions out of that object rather than the object itself. For example, if X is a geometric blob,
like a sphere, or a donut, or a Klein bottle, you can identify various properties of that blob by
considering the nature functions ¢ : X — R. In the context of linear algebra, given a vector
space V we have been studying linear functions ¢ : V" — W from V to some other vector space
W. If our goal is to understand V/, then there are many choices of codomain vector spaces W/,
and in this section we will make the simplest choice and let W = F, the ambient field. The
collection of all linear maps ¢ : V' — F is called the dual space of V, and it is the focus of this
section.

Definition 3.6.1. Let V' be a vector space over a field F. The dual space of V, denoted V*, is
the vector space

V*:=L(V,F)={v:V — F|islinear }.

An element ¢ € V* is often called a linear functional on V.

Example 3.6.2. Consider the case V = R3. Fix a row vector

(4 2 -3)

and define ¢ : R — R by

X X
oy ::(4 2 —3) y | =42 +2y - 32.
z z

Then ¢ € (R3)*. We have not discussed the dot product (or inner products, which generalize
the dot product), but as a reader you are likely familiar with the dot product. In words, this
example suggests that the operation of taking the dot product with a fixed vector — equiva-
lently, multiplication on the left by a fixed row vector — is one natural way to produce linear
functionals on R". We will see below that every linear functional on R™ arises this way! Thus,
if you view R" as the space of column n-vectors, then (R™)* can be identified with the space of
row n-vectors. In particular, this suggests that (R")* = R".

Example 3.6.3. Here is an infinite dimensional riff on the above example, which suggests some
very interesting differences in the nature of dual spaces in infinite dimensions. Let

V :={(ap,a1,az,...)|a; € F, and a; # 0 for only finitely many j }.
In words, V is the set of all sequences which are eventually 0 forever. For instance, the sequence
(1,1,1,1,1,...)

would not be an element of V, because it is not the case the a; is nonzero for only finitely many
j. On the other hand,
(1,1,1,0,...) €V

is an element of V' because a; # 0 for only three indices: j = 0, 1, 2. However, we can define a
linear functional — an element of the dual space V* — as follows. Begin by choosing literally
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any sequence. For example, consider the sequence
(1,1,1,1,1,...).

I'll emphasize again that this sequence is not an element of V. However, we can define a
linear functional 1) : V' — R by taking the “dot product” of any sequence in V' with the above
sequence. To be more formal, for any sequence (bo, b1, b2, ... ), not necessarily in V, define
Y :V = Rby

o0
w(GO; a1, az,... ) = Z bnan.
n=0

Although the above sum looks like an infinite sum, it is actually always a finite sum because of
the defining condition on V. In particular, any given sequence (ag, ai, as,...) € V is eventually
0, and so the above sum is a finite sum regardless of the sequence (bo, b1, ...). The point of
this example is the following. Our vector space V, which consists of all sequences which are
eventually 0, has a dual space V* that can be identified with the set of all sequences. Unlike in
the finite dimensional case, V* is not isomorphic to V/, and in fact is much larger!

Example 3.6.4. Let V = {f : R — R} be the vector space of all functions R — R. Define
Y :V = Rbyy(f) = f(0). Thenvy € V*.

Example 3.6.5. Let V. = { f:[0,1] — R | f is continuous }. Fix any continuous function ¢ :
[0,1] = R and define ) : V' — R by

1
W(f) = /O F@)g(a) da.

Then ¢ € V*.

Next, we formally prove a property of finite dimensional dual spaces suggested by the first
example.

Theorem 3.6.6. Let V' be a finite dimensional vector space. Then V* 2 V.

Proof. Let n := dimV, and let B := {v1,...,v,} be a basis for V. To prove that V* = V it
suffices to prove that dim V* = n. We will do so by producing a basis of V* with n elements.
For each 1 < j < n, define a linear functional v} : V' — F on the basis B by

and extend it to all of V' by linearity. We claim that
B* = {v],...,v.}

is a basis for V*.
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First, we prove that B* is linearly independent. Suppose that for some scalars a1, ...,a, € F

we have

avi + -+ anv, =0.

Then a; vi(v) + -+ + ap vy (v) = 0 for all v € V. In particular, for each 1 < j < n we have
a1 07 (vj) + -+ + aj_1v;_1(v5) + a; v (v)) + aj1 V541 (V) + -+ an vy (vj) = 0.
By definition of v}, this equality is
O+---+0+a;-14+0+---4+0=0

and so a; = 0. Since this holds for all j, it follows that B* is linearly independent.
Next, we prove that Span(B*) = V*. Let ¢y € V* be an arbitrary linear functional. For each

1 < j < n,define a; := 1) (vj). We claim that ¢ = a1v] + - - - + a,v;,. To prove this, it suffices to
show that

Y(v;) = a1 v](vj) + - - + an v}, (v))
forall 1 < j < n. But this is immediate from the definition of a; and of v}; the above equality
is

aj:0+-~~0—|—a,j~1+0+---—|—0
which is evidently true. Therefore, ¢ = a;v} +- - - +a,v}, and so Span(B*) = V*, as desired. O

Remark 3.6.7. In order to prove that V* = V when V is finite dimensional, we had to choose a
basis for V. You could try to find a proof that does not require the use of a basis, but you will
struggle! Indeed, the fact that it is not true that V* = V if V is infinite dimensional suggests
that it is in fact necessary to work with a basis — the existence of which is the defining property
of what it means to be finite dimensional — in order to prove the theorem.

The basis B* we constructed in the proof of Theorem 3.6.6 is important enough to warrant
its own name. In particular, given any basis B for a vector space V/, we can form the basis B*
as above and we call it the dual basis.

Definition 3.6.8. Let V' be a finite dimensional vector space with basis B = {vi,...,v,}. For
each 1 < j <n, define a linear functional v} : V' — IF on the basis 5 by

1 i=j
0 i#j
and extend it to all of V' by linearity. The set

B* = {v],...,u5}

is called the dual basis of V' with respect to 5.
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3.6.1 The transpose of a linear map

One well-known operation on matrices is the transpose. Given A € M, (F), we can form
AT € M, «m(F) by swapping rows and columns. Formally, if A = (a;;), then AT := (a;;). Or,
in more explicit notation,

aip Q1n ail - aml

A=+ - = and A" =

Gml **° OGmn Aln " Amn

Or in even more down-to-earth form as an explicit example,

1 2 3 L4
A:( >andAT:25

4 5 6
3 6

Like almost everything in matrix linear algebra, there is a correct generalization of the concept
of the transpose to abstract linear transformations between vector spaces. Given an abstract
linear map 7" : V. — W, we will define a new linear map, called the transpose of T' and denoted
T!, of the form T? : W* — V*. In words, if a linear map goes from V to W, the transpose will
go from the dual space of the codomain to the dual space of the domain.

Definition 3.6.9. Let T : V — W be linear. Define the transpose of 7', denoted 7%, as a map
Tt : W* — V* as follows. For ¢ € W*, define T*(¢)) : V — R by

Remark 3.6.10. A definition like this can take some time to parse, and it can help to talk through
some it in words. The map 7T eats vector in V and spits out vectors in W. The transpose 7" is
supposed to eat functions of the form W — F and spit out functions of the form V' — F. It does
so as follows. If ¢ : W — F is an element of W*, then to define the function T%(z)), which is
supposed to eat vectors in V and spit out scalars in F, we need to define what 7% (z/) does to a
random vector v € V. The natural way to produce a scalar given a vector v € V is to first feed
it to T to get a vector T'(v) € W, which we then feed to ¢ : W — F to get a scalar ¢)(T'(v)) € F.

We will see a down-to-earth example below (Example 3.6.14), but first it is worth inves-
tigating some more interesting examples that are out of reach from the perspective of lower-

division linear algebra.

Example 3.6.11. Let C*°(R) = { f : R — R | f is infinitely differentiable }. Recall that the deriva-
tive % : C*°(R) — C*°(R) is a linear map. The transpose of the derivative would be a linear
map

@)t H(CPR) = (C*(R))".

To investigate how this map behaves, choose a linear functional ¢ € (C*°(R))*, that is, a linear
map ¢ : C*°(R) — R. One example of such a map would be the evaluation at 0 map from
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above, given by ¢(f) = f(0). If we feed this map % to (%)t, we would get another linear map

(;;) ) : C*®) 5 R

To study the behavior of this map, we would then feed it an infinitely differentiable function
f : R — R. Note that

Thus, the transpose (%)t eats the evaluation-at-0 linear functional and spits out the evaluate-

the-derivative-at-0 linear functional.

Example 3.6.12. Consider again the derivative map % : C®(R) — C*°(R). Another example
of a linear functional on C*®(R), i.e., a linear map 1 : C=°(R) — R, is given by integration
against a fixed function. That is, let g € C*°(R) and define ) : C*(R) — R by

1
- / f(@)g(x) dz
0

Like before, (%)t (1)) will be another linear functional on C*(R). Also like before, we can
understand what this linear functional does by feeding it a function f : R — R. Note that

(£) =3 (d<f>)

— [F(1)g(1) - / fa

Here we have used integration by parts to get the last expression. In words, this says that
if ¢ is the integrate-against-g linear functional, then, by integration by parts, (—I) (1) is the
integrate-against-(—¢’) linear functional (ignoring the boundary terms f(1)g(1) — f(0)g(0)).
This is an indication that integration by parts is really a statement about duality of the deriva-
tive operator in the context of linear algebra. This is a fascinating perspective that we will

return to more in Chapter 5.

The connection between the transpose of a linear map and the transpose of a matrix is,
unsurprisingly, given by coordinate representations with respect to a choice of basis and their
dual bases. In words, the following theorem says that the coordinate matrix of 7" is the trans-
pose of the coordinate matrix of 7'.

Theorem 3.6.13. Let V, W be finite dimensional vector spaces with basis BB, C, respectively. Let
T :V — W be linear. Then
* T
(T8 = ([T)3)" -
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Proof. Let B = {v1,...,vp}and C = {wy,...,wp},s0 B* = {v},...,v;}and C* = {w], ..., w},}.
Let A := [T% and denote the (i, j)-entry of A by A;;. Note that, by definition of a coordinate
matrix, this means that the scalars A;; are defined by

T(UJ> - AlJ wy - Amj W

To prove the theorem, it suffices to show that the (j,7)-th entry of the matrix [T%]5. is 4;;. To
get the (j, i)-th entry of [T)5., we can consider the ith column, which is the coordinate vector

[T (wi)]s--
Because T"(w}) € V*, and {v7,...,v}} is a basis for V*, we can write
T'(w;) = Bi;vi + -+ By vy,

(2

for some scalars B;; € IF. Feeding v; € V to this equation gives, on the left side,
T (wy)(v) = wi (T(v;))
= w:‘ (Alj wy + - 'Amj wm)
= Ay w;(wr) + -+ Apj wy (W)

=0+ +04+4;-14+0+---0
:AU

On the right side, we have

By v} (vj) 4+ Bpiv(v;) =040+ Bji - 1+0+---0
= Bji-
Thus, Bj; = A;j. Since Bj; is precisely the (3, i)-th entry of [T%]5., this completes the proof. [

Example 3.6.14. Let’s work through the above theorem in a concrete example. Consider the
map T : R? — R? given by

x x
1 2 3 T+ 2y 43z
Ty | := = .
4 5 6 4x + dy + 62
z

z

<

Let B = {e1,e2,e3} and C = {e1, e2} denote the standard bases of R and R?, respectively. Then

1 2 3
mi- ()2 3)

Next we investigate the transpose T". In particular, we will compute the coordinate matrix
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[T*B.. As usual, this coordinate matrix will be given by

| |
(T8 = | [T (eD))se [T'(e3)]5
| |

First, consider the abstract linear function T%(e}) : R?* — R. Because {e}, e}, €5} is a basis for
(R3)*, we have

Tt((ii{) = Byi1e] + Ba1es + Bsjex

for some constants B;; € R. Feeding e; to both sides gives
T'(e7)(e1) = Buei(er) + Ba e3(e1) + Bz ej(en)

which is equivalent to
e*{(T(el)) =B;1-14+0+4+0.

Since T'(e1) = (1,4), we have
ei(T(e1)) =ej(1,4) =€l (l-e1+4-e3) =1-ej(e1) +4-ej(e2) = 1.

Thus, By = 1. Similarly, one can show that By; = 2 and B3; = 3. Thus,

BH 1
[T (e}l = [ By | = | 2
B3 3
An identical computation shows that
4
T (3]s = |5
6
and so
| | 1 4
T8 = | [T4e})]s [THey)s | = |2 5
| ] 3 6

Note that, indeed, [T?]5. = ([T]%)T.

Exercises

1. Recall that the product of V and W is the set

VxW:={(vw)|veV,weW}.
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and that V' x W is a vector space. Let® f : V x W — T be a function (not necessarily
linear). For each v € V, define f, : W — F by f,(w) := f(v,w). Similarly, for each
w € W, define f,, : V= F by f,(v) := f(v,w). A function f : V x W — F is bilinear if,
forallv € V and w € W, the functions f, : W — Fand f,, : V — F are linear.

(a) Let f : R x R — R be defined by f(x,y) = 3zy. Prove that f is bilinear. Prove also
that f is not linear.

Let B(V x W, F) denote the set of all bilinear maps f : V x W — F. With the usual notions
of function addition and scalar multiplication, B(V x W, F) is a vector space over F.

(b) Let W : L(V,W*) — B(V x W, F) be defined as follows. For each linear map 7' : V' —
W*,1et ¥(T) : V x W — F be the map defined by

U(T)(v,w) :=T(v)(w).

Prove that ¥ is an isomorphism of vector spaces to conclude’ that B(V x W,F) =
L(V,W*).

[Hint: To prove that ¥ is an isomorphism, you need to prove two things: that U is linear,
and that W is invertible. For surjectivity, given a bilinear map f : V. x W — F, consider
the function T : V. — W* defined by T'(v) := f,,.]

2. Defineamap ¢ : V. — V** as follows. (Here, V** := (V*)*.) Forv € V, let ¢(v) : V* —
F be the function defined by ¢(v)(¢) := v¥(v). Prove that ¢ is injective. If V' is finite

dimensional, conclude that ¢ is in fact an isomorphism.!°

3. If A is a matrix, then (A7) = A. Is it true that if T : V — W is a linear transformation,
then (T%)! = 17

¥More generally, you can replace F with another vector space U, but we’ll keep things simpler for this problem.
See Chapter 6 for a more in depth discussion on bilinearity and more generally multilinearity

°If you're wondering what the point of all this nonsense is, here is some motivation, particularly for those of
you interested in physics. A tensor of type (p, ¢) is a multilinear map

T:V'x -+ V*xVx---V =T
| R S —-

p times g times

Here, multilinear is the natural generalization of bilinear that will be discussed more in Chapter 6. So for example, a
tensor of type (0, 2) is a bilinear map 7" : V x V' — T, a tensor of type (2,0) is a bilinear map 7' : V* x V* — F, and
a tensor of type (1,1) is a bilinear map 7' : V* x V — F. The rank of a tensor is p + g, so the above examples are
all rank 2 tensors. In physics, you usually just pretend that any rank 2 tensor is a matrix. This homework problem
justifies this identification! Indeed, suppose that V' is finite dimensional of dimension n. Then, for example, the set
of tensors of type (1,1) is B(V* x V,F). By this homework problem, this vector space is isomorphic to L(V*, V™).
By the optional homework problems, V* = V = V**, so L(V*, V™) = L(V,V) = L(V). But we have previously
shown in class that £(V') & M, (F). Therefore, through this chain of isomorphisms, we’ve shown that the vector
space of type (1, 1) tensors B(V* x V, F) is isomorphic to M, (F). You could do more or less the same with tensors of
type (2,0) and (0, 2). Therefore, in physics, you're justified in pretending that rank 2 tensors are just n x n matrices!
As a concrete example, the bilinear map f(z,y) = 3zy from above is a tensor, and the associated 1 x 1 matrix is
(3). For more information about this, check out Chapter 7!

!"The slogan for this sentence is a finite dimensional vector space is canonically isomorphic to its double dual. Note that
this isomorphism does not require us to choose a basis, unlike the isomorphism V* = V in Theorem 3.6.6.
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Chapter 4
Eigentheory

In this chapter, we will focus on linear transformations 7' : V' — V from a vector space back to
itself, i.e., linear operators 7" € L(V'). In particular, the goal is to develop the theory of eigen-
vectors and eigenvalues for abstract linear operators. There are many ways to motivate this
theory: It has concrete applications in differential equations, it is crucial in the mathematical
formulation of quantum physics, it drives the theory of principal component analysis, and so
on. However, the vague underlying reason why eigentheory has widespread uses and applica-
tions is that eigenvectors and eigenvalues give us a way to break down the behavior of a linear
transformation in simple and fundamental ways. This will be the motivating perspective of
this chapter.

That is, given a linear operator 7' : V' — V, we want to understand the behavior and effect
of the transformation 7" by dissecting and decomposing the vector space V' into simpler pieces
that interact nicely with 7". This will all be made precise in the coming sections. For now, I
will give an imperfect and silly analogy that captures the spirit of this motivation. A linear
operator 7' : V' — V is like an entrée; a combination of various ingredients, seasonings, and
cooking techniques, all coming together to produce a single culinary object. Given a delicious
entrée, you might want to know why it tastes so good, perhaps so that you can recreate it your-
self. What are the primary ingredients? How much salt was used? Where does the smokey
aftertaste come from, and is that a subtle hint of sweetness? Was this reverse-seared or was it
finished in the oven? These are the questions you would ask to understand the fundamental
nature of this entrée, and in general this can be described as seeking the recipe for the dish.
Given a linear operator 7" : V' — V, we want to find its recipe. What are the fundamental
ingredients that, when mixed together, give us the action of 7? How much of each ingredient
was used? How are the ingredients arranged?

Eigenvectors and eigenvalues are the ingredients that form the recipe for a linear operator
T :V — V,and this chapter will train you to be a mathematical chef.

4.1 Invariant subspaces

As a reader with prior linear algebra exposure, you likely already know what eigenvectors
and eigenvalues of a matrix are and how to compute them. Depending on what your prior
linear algebra exposure was like, this computation-centric understanding of eigen-things may
be the extent of your familiarity. At this level of linear algebra, we are more interested in the
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geometric intuition and structural significance of eigenvectors and eigenvalues. Thus, to skirt
around any computation heavy bias you have about the role of eigentheory in linear algebra,
we are going to begin by discussing a more general structural feature of a linear operator in
this section as a way to set the stage for how to think about eigenvectors and eigenvalues. In
particular, this section will cover the notion of invariant subspaces, and then in the following
section we will specialize to the notion of eigenspaces.

Suppose we are given a linear operator 7' : V' — V. In order to understand the behavior
of T and its effect on V, a natural desire is to break down V' into simpler pieces that capture
various aspects of the total action of T'. For example, one could look for subspaces W C V such
that 7'(W) C W. With such a subspace, it then makes sense to restrict 7' to W and view it as
alinear map 7' : W — W. Since W is a subspace of V, this gives us a setting in which we can
study the effect of 7" in a smaller and more fundamental domain. This leads to the definition
of an invariant subspace.

Definition 4.1.1. Let V be a vector space and 7' : V' — V a linear operator. A T-invariant
subspace is a subspace W C V satisfying 7'(W) C W. That is, a subspace such that if w € W,
then T'(w) € W.

Example 4.1.2. Let V be a vector space, and let 7' : V' — V be any linear transformation. Then
{0} and V" are always T-invariant subspaces.

Example 4.1.3. Fix 6 € [0,2n) and let T : R? — R? be given by

T cosf —sinf 0 T
Ty |y | :=|sinf cosf 0
z 0 0 1 z

Geometrically, Ty corresponds to a counter-clockwise rotation in the (z,y)-plane by an angle
of 0, fixing the z-axis. Then W := Span(ey, e2), the (z,y)-plane, and U := Span(e3), the z-axis,
are both Ty-invariant subspaces.

Indeed, let’s verify that W is Ty-invariant. Let w = ae; + bey € W. Note that

a cosf —sinf 0 a acosf —bsinb
To(w)=Tp | b | = | sinf cosf 0 b| = |asinf+bcosh | € Span(ey,ez) = W.
0 0 0 1 0 0

Thus, W is Ty-invariant. Similarly, let u = cez € U. Note that

0 cosf —sinf 0 0 0
To(u) =Ty |0 | = | sinf® cosf 0 0l =10] € Span(es) ="U.
c 0 0 1 c c

Thus, U is Ty-invariant.

Example 4.1.4. Let D : P(R) — P(R) be the derivative linear transformation, i.e., the linear
= p/(z). For each n > 0, let W,, C P(R) be the subspace defined by

map defined by D(p)(z) :
W,, := Span(1,z,...,2"). Then W, is D-invariant.
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Example 4.1.5. Let R : R? — R? be given by R(z,y) := (z, —y). Geometrically, R is described
as a reflection across the z-axis. The the z-axis, W := Span(e;) is R-invariant, since R(z,0) =
(z,0). Likewise, the y-axis, U := Span(ez), is also R-invariant, since R(0,y) € (0,—y) € U.

Reflection across the z-axis is a simple but suggestive example for why seeking invariant
subspaces is a good idea. For instance, in the above example, we can decompose the un-
derlying vector space as the direct sum of two invariant subspaces R2 = W @ U, and so to
understand the total effect of R on R? it suffices to study its effect one each invariant subspace
W and U. The restricted map R : W — W is simply the identity map, and R : U — U is the
map which multiplies every vector by —1. On can view these invariant subspaces and their
restricted R-action as the fundamental building blocks of the map R : R? — R2.

Next, we state and prove a simple proposition that gives one way to find invariant sub-
spaces of any linear map.

Proposition 4.1.6. Let T' : V' — V be a linear operator. Then ker T and imT" are both T-invariant
subspaces.

Proof. Letv € kerT. Note that T'(v) = 0 € ker T, and so ker T is in fact T-invariant. Next, let
w € imT. Then T'(w) € im T by definition of im 7", and so im 7" is T-invariant. O]

Note that a consequence of T-invariance is invariance under repeated applications of 7.
That is, if W is a T-invariant subspace, then it will also be a T2-invariant space, a T3-invariant
subspace, and more generally a T*-invariant subspace, where 7% = T'o --- o T. Even more
generally, we can consider polynomials of linear operators. This will turn out to be a fruitful
concept to explore.

Definition 4.1.7. Let p € P(IF) be given by p(z) = ap + a1z + - - - + ana™. If T € L(V'), where V
is a vector space over F, then we define p(T") € L(V) to be the operator

p(T) :=aply + a1 T+ -+ + a,T".

Remark 4.1.8. Note that this definition implies 7° = Iy .

Proposition 4.1.9. Let T' € L(V') and let W C V' be a T-invariant subspace. Then for any polynomial
p € P(F), W is a p(T)-invariant subspace.

Proof. ADD O

Finally, we will investigate the role of T-invariant subspaces on coordinate matrix repre-
sentations of 7.
FINISH

Exercises

1. LetV := W1 ® Wy, and let P : V — V be the projection map defined by P(w; +ws) := wy
for w; € Wy and we € Wa. Prove that W7 and W are both P-invariant subspaces.

2. Let V be a vector space, and let vy # 0 € V be a fixed nonzero vector. Let T': V' — V be
a linear operator. Define

Wty == {p(T)(v0) | p € P(F) }.
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(a) Prove that Wr,, is a subspace of V.

(b) Prove that Wy, is T-invariant.

(c) Prove that Wy, is the smallest T-invariant subspace containing vy.

(d) If Wr,,, we call vg a T-cyclic vector. Does every linear map 7" : V' — V necessarily

admit a T-cyclic vector?

3. LetT,S € L(V)such that T o S = S o T. Prove that ker p(S) and ker p(S) are T-invariant
for every polynomial p € P(F).

4. This exercise requires knowledge of dual spaces; see Section 3.5. Let T : V' — V be a
linear operator, and let W C V be a T-invariant subspace. Recall that the annihilator of
W is the subspace W° C V* of the dual space defined by

WO :={yeV*|y(w)=0forallw € W}.

Prove that W' is Tt-invariant, where T* : V* — V* is the abstract transpose of T'.

5. This exercise requires knowledge of quotient vector spaces; see Section 2.6.1. LetT : V' —
V be linear and let W C V be a T-invariant subspace. Define T : V/W — V/W by

Prove that 7" is a well-defined linear map (i.e., that 7'([v]) does not depend on the choice
of representative for the equivalence class [v]). Give an example that shows why 7'-
invariance of W is necessary in order for 7' to descend to a well-defined map V/W —
V/W.

4.2 Diagonalization, eigenvalues and eigenvectors

THIS SECTION NEEDS DECOMPOSING AND REORGANIZING PROBABLY
Motivation

Definition 4.2.1. Let V be a finite dimensional vector space, and let I" € £L(V'). The operator T’
is diagonalizable if there is an (ordered) basis B of V such that [T]3 is a diagonal matrix.

Suppose we have a diagonalizable operator T' € £(V') and a basis B = {vy,...,v,} such
that [T'|3 is diagonal. Let a;; denote the (i, j)-th entry of [T]3. Then, as usual, we have

T(vj) = arjvr + -+ + anjvp.

But since [T’ is diagonal, a;; = 0 if i # j. So in the above expression, all terms are 0 except for
the one with a;;. Thus,

T(vj) = ajjv;.

This suggests that an operator will be diagonalizable if we can find a basis {vi,...,v,} of V'
such that T'(vj) = Ajv; for some scalars \j, which would ultimately be the diagonal entries of
the resulting coordinate matrix. This motivates the following definition.
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Definition 4.2.2. Let V be a vector space, and let " € £(V). A nonzero vector v € V is an
eigenvector of 7" with associated eigenvalue \ if 7'(v) = A\v for some A € F.

We then have the following theorem.

Theorem 4.2.3. Let V be finite dimensional, and let T € L(V'). Then T is diagonalizable if and
only if there is a basis B of V consisting of eigenvectors of T

Proof. First, suppose that T is diagonalizable. Then there is a basis B = {v1, ..., v,} such that
[T')5 is diagonal. Then the computation from above shows that 7'(v;) = a;;v;, where a;; is the
(1, 7)-th entry of [T|5. Thus, B is a basis consisting of eigenvectors of 7.

Conversely, suppose that B = {v1,...,v,} is a basis consisting of eigenvectors of T" with
associated eigenvalues Ay, ..., A, € F. Then since T'(v;) = \;v;, it follows that
A 0
Ip = .
0 An
and so T’ is diagonalizable. O

Example 4.2.4. Consider the transformation 7" : R? — R? defined by

(G)-6 D)
ety = () ana o= () ot
(6))-6)-+)
((5))-()- )

Thus, v; is an eignevector of 17" with eigenvalue 3, and v is an eigenvector of 17" with eigenval-
ues 1. Furthermore, it is straightforward to verify that B = {vi, v} is a basis of V. Thus, T is

me- (5 1)

Example 4.2.5. Let C*°(R) denote the vector space of infinitely differentiable functions f : R —
R (that is, functions whose derivatives of all orders exist). Let T : C*°(R) — C*°(R) be given
by T(f)(z) = f'(x). Fix A € R and let f(z) = €. Then

diagonalizable and

T(f)(z) = f'(z) = A = Af(2).
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Since T'(f) = Af, it follows that f is an eigenvector of 7" with eigenvalue ). Thus, every single
real number is an eigenvalue of T'! Note that it does not make sense to ask if 7" is diagonalizable,
because C*°(R) is infinite dimensional.

Proposition 4.2.6. Let V be finite dimensional, and let T € L(V'). Fix A € F. The following four
statements are equivalent.

(i) The element \ € F is an eigenvalue of T
(ii) The operator T' — X1 is not injective.
(iii) The operator T — A1 is not surjective.

(iv) The operator T'— I is not invertible.

Proof. First, assume (i), so that ) is an eigenvalue of 7". Then there is a nonzero vector v € V'
such that T'(v) = Av. This implies that (T' — AI)(v) = 0. Since v # 0, it follows that 7" — A\I is
not injective. This gives (ii).

Next, assume (ii). Since 7' — AI is not injective and the dimensions of the domain and
codomain are equal, by a previous proposition it follows that 7" — AI is not surjective. This
gives (iii).

Next, assume, (iii). Since 7" — AI is not surjective, it is not invertible. This gives (iv).

Finally, assume (iv). Since T' — AI is not invertible, and the dimensions of the domain and
codomain are equal, it follows that 7" — AI is not injective. Thus, there is a nonzero vector
v € ker(T'— M), and so T'(v) — Av = 0, which implies T'(v) = Av. Thus, A is an eigenvalue of
T, and this gives (i). O

Example 4.2.7. Consider the transformation 7' : R? — R? defined by

()-(1)6)

Fix A € R and consider the operator 7" — AI. To identify eigenvalues of 7', we want to under-
stand when T — AI is not injective. Let B be the standard basis of R?. Then

[T—)\I]B—[T]B—)\U]B_G) D—A(é ?)‘(1? 1ix>'

We can immediately see that if A\ = 1, the operator 7' — AI will not be invertible. Indeed, note

6900

This implies that (7'—I)(1,0) = (0,0) and so T'— I is not injective. Thus, A = 1 is an eigenvalue
of T'. Next, suppose that A # 1. Suppose that (' — A\I)(z,y) = (0,0). Then

(-0

_ <(1(1 i)i)z y) . (4.2.2)
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Since 1 — A # 0, it follows that y = 0 by the second component. This implies that (1 — )z =0,
and so z = 0. Thus, (z,y) = (0,0), and so T'— AI is injective. This implies A is not an eigenvalue
of T

Thus, the only eigenvalue of T'is 1.

FINISH

Definition 4.2.8. Let A € F be an eigenvalue of 7' € £(V). The eigenspace of \ is the subspace
of all eigenvectors associated to A, that is,

E\(T) :=ker(T — \I).
The geometric multiplicity of A\, when defined, is dim F)(T).

Proposition 4.2.9. Let T' € L(V'), and suppose that vy, ..., v, € V are eigenvectors of T with associ-
ated eigenvalues X;. If all \;’s are distinct (that is, if \; # \j for all i, j) then {vy, ..., vy} is linearly
independent.

Proof. We will prove the case £ = 2, and leave the general case as an exercise. (Hint: use
induction!).

Suppose that vq, vy are eigenvectors of 7' with associated eigenvalues \; # \2. Suppose
that a1v1 + agvy = 0 for some scalars a1, as € F. Apply T to both sides gives

T(a1v1 + CLQUQ) = T(O) = alT(Ul) + QZT(UQ) =0.

Since T'(v;) = Ajvj, we have ajA\v1 + asAav2 = 0. On the other hand, since a;v; + agve = 0,
multiplying both sides by \; gives

aiA1v1 + asAjve = 0.

Thus,
a1 A1v1 + aoAv2 = 0 = a1 A\1v1 + agAavs.

This implies az(A; — A2)va = 0. Since A\; — Ay # 0, it follows that a; = 0. This implies that
ajv1 = 0, and since v; # O (it is an eigenvector), we have a; = 0. Thus, since a; = a2 = 0,

{v1,v2} is linearly independent. O

Corollary 4.2.10. Let V be finite dimensional, and let T € L(V'). Then T has at most dim V' distinct
eigenvalues.

Proof. Let A1, ..., \; be distinct eigenvalues. Let v; be an eigenvector associated to A;. Then
by the proposition, {v1, ..., v} is linearly independent. By a theorem from a long time ago, it
then follows that £ < dim V. O

Corollary 4.2.11. Let V be finite dimensional, and suppose that T € L(V') has dim V' distinct eigen-
values. Then T is diagonalizable.

Proof. Letn :=dimV and let Ay, ..., A\, be the distinct eigenvalues of T'. Let v; be an eigenvec-
tor associated to A;. Then {v1,...,v,} is a linearly independent set in V. Since n = dim V/, it is
a basis. Thus, V' has a basis of eigenvectors of T', and so T is diagonalizable. O
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Proposition 4.2.12. Suppose that T', S € L(V') are similar. Then T and S have the same eigenvalues.

Proof. Let ¢ € L(V) be an isomorphism such that 7 = ¢~ 0 S o ¢. Let A € F be an eigenvalue
of S. Then S — AI is not injective. We claim that 7" — AI is not injective as well. Note that

T-XMN=¢'oSop—\
=¢ loSop—Aplolog
=¢ Lo (S—A)og.

Letv # 0 € ker S — M. Let w := ¢~ !(v) € V. Note that w # 0, since ¢! is injective. We have

H(S = A)(v)
'(0)

(T = M)(w) = (¢~ 0 (S = AT) 0 §)(w)

¢
¢
0

Since w # 0, this shows that 7" — AI is not injective, and so A is an eigenvalue of 7T'.
By a symmetric argument, if \ is an eigenvalue of T then it is also an eignevalue of S. Thus,
T and S have the same eigenvalues. O

Next, a simple (but important) example to demonstrate that eigenvalues do not necessarily
always exist.

Example 4.2.13. Consider the map 7" : R? — R? defined by T'(z,y) = (—vy, r). Geometrically,
this map rotates every vector counter clockwise by 90 degree. From this description, it should
be clear that there are no eigenvalues, but we will prove this carefully. Fix A € R and consider
the operator 7' — A\I. Note that

(T - )\I)(l’,y) = T(l’,y) - )\(le,y) = (_y - A.Z',l’ - Ay)

We claim that 7" — A is injective. Indeed, suppose that (T' — \I)(z,y) = (0,0). Then (—y —

Az, — Ay) = (0,0), and so
y+ixz=0
x—Ay=0

The second equation implies = Ay, and so y + A(A\y) = 0. This implies y(1 + A?) = 0. Since
1+ A2 > 0, it follows that y = 0. Since z = Ay, = 0. Thus, (z,y) = (0,0), and so T — I is
injective. Thus, since 7' — AI is injective for all A € R, there are no eigenvalues of T'.

In contrast, we have the following powerful theorem that suggests one reason why com-

plex numbers are nice.

Theorem 4.2.14. Let V' be a finite dimensional vector space over C. Let T € L(V'). Then T has
an eigenvalue.

The proof is a classic argument that uses the fundamental theorem of algebra, which we
recall here.
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Theorem 4.2.15 (Fundamental theorem of algebra). Any polynomial p € P(C) can be com-
pletely factored into linear factors.

Proof of the previous theorem. Letn = dim V. Fix anonzero vector v € V. Consider the following
list of vectors:
{0,T(v),T*(v),...,T"(v)}

where by T? we mean T o T, and so on. Since this is a list of n + 1 vectors, this set is linearly
dependent. Thus, there exist scalars ao, a1, ..., a, € C, notall 0, such that

agv + a1T(v) + aoT%(v) 4 - - - + a, T™(v) = 0.

Thus,
(apl + a1 T + agT? + --- + T™)(v) = 0.

By the fundamental theorem of algebra, the left-hand side can be factored as
c(T—=XMI)o(T—XI)o---o(T—MNJI)](v)=0

where A, ..., )\, are the (possibly repeated) roots of the polynomial ap+ai2+- - -+ a,2". Since
v # 0, this shows that (" — A\ I) o (T — XoI) o --- o (T' — X\, I) is not injective, and hence not
invertible. Thus, at least one of the factors (I' — \;I) is not invertible, otherwise the above
composition would be invertible. Thus, A; is an eigenvalue of T'. O

Exercises

1. Let T, S € L(V). Prove that if v € V is an eigenvector of T with eigenvalue ), and is also
an eigenvector of S with eigenvector 4, then v is an eigenvector of S o T' with eigenvalue

ALk
2. Recall that P(R) is the vector space of polynomials (of any degree) with coefficients in R.

Let T : P(R) — P(R) be the linear operator defined by T'(p(z)) := zp(x). Prove that T
has no eigenvalues.

3. Recall that F'(R, R) is the vector space of all functions f : R — R. Let T : F(R,R) —
F(R,R) be the operator defined by T'(f(x)) = « f(x). Prove that T" does have eigenvalues.
In fact, prove that every single real number is an eigenvalue of T'.

Why is this problem not a contradiction to the previous problem?

4. Similarly, recall that the derivative operator % : C*°(R) — C*°(R) has many eigenvalues.
Prove that, in contrast, the derivative operator % : P(R) — P(R) does not have any

eigenvalues.

5. Prove that a linear operator 7' : V' — V on a finite dimensional vector space is invertible
if and only if 0 is not an eigenvalue of T'.
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10.

11.

12.

13.

14.

15.

16.

17.

Suppose that 7" : V' — V is invertible, and suppose that A is an eigenvalue of T'. Prove
that A1 is an eigenvalue of 771

. Suppose that T' € £(V') such that dimim 7T = k. Prove that 7" has at most & + 1 distinct

eigenvalues.
Prove that if T' € £(V) is diagonalizable, then 7! is diagonalizable.

Let V be a vector space of dimension 4, and let T" € £(V'). Suppose that A € I is an eigen-
value of T" such that dim £ (7') = 4. Let B be any basis of V. Compute the coordinate
matrix [T]3.

Suppose that V' is a finite dimensional vector space, and that 7" € £(V) is diagonalizable.
Prove that
V=kerT @imT.

Fix A € L(V), and define a linear map ¢4 : L(V) — L(V) by ¢a(T') := Ao T. Prove that
if A € IF is an eigenvalue of ¢ 4, then ) is also an eigenvalue of A.
Let V be a real vector space, let 7', S € £L(V'), and let A # 0 € R.

Suppose that v € V is an eigenvector of 7' with eigenvalue A and an eigenvector of S
with eigenvalue A. Suppose that w € V is an eigenvector of T" with eigenvalue A and an
eigenvector of S with eigenvalue —\.

Prove that {7, S} C L(V) is linearly independent.

Let V be a real vector space of dimension 3, let 7', S € L(V'), and let vy, v2,v3 € V.

Suppose that vy is an eigenvector of T with eigenvalue 1, v, is an eigenvector of 7" with
eigenvalue 3, and v; is an eigenvector of 7" with eigenvalue 0.

Suppose also that v; is an eigenvector of S with eigenvalue 4, v is an eigenvector of .S
with eigenvalue 7, and v» is an eigenvector of S with eigenvalue —3.

Provethat T oS =SoT.

Let V be a real vector space. Let T',S € L(V). Suppose that S is invertible, and suppose
that 0, 1, 2 are eigenvalues of 7T'.

Prove that {T, T2, S} is linearly independent.

Give an example of operators T, S € £(V') such that T is diagonalizable, but S o T" is not
diagonalizable.

Let T : F(R,R) — F(R,R) be the operator defined by T(f)(z) = z%f(z). Give an
example of an eigenvector of T'.

For each of the following statements, determine whether it is true or false. If a statement
is true, prove it. If it is false, provide an explicit counter example.

Throughout, assume that V' is a nontrivial vector space.

(a) If T' € L(V) is invertible, then T" has an eigenvector.
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(b) If T € L(V) satisfies T? = T, then T has an eigenvector.

(c) If v,w € V are eigenvectors of T' € L(V'), both with eigenvalue A € F, then {v, w} is
linearly dependent.

(d) If T e L(V) is diagonalizable, then [T is a diagonal matrix for every basis 5 of V.

(e) Suppose that T € L(V) is diagonalizable. Then every element v € V' is an eigenvec-
tor of T'.

(f) I T € L£(V) and By, By are two (ordered) bases of V' such that the coordinate matrix
[T gf is diagonal, then 7' is diagonalizable.

(g) If \is an eigenvalue of 7'+ S, then A is an eigenvalue of both 7" and S.

18. Let T',S € L(V) such that T' and S are diagonalizable via the same basis. That is, there
exists a basis B of V such that [Tz and [S] are diagonal matrices. Prove that 7'0S = SoT.

19. A subspace U of a vector space V is called invariant under 7" € £L(V) if T(U) C U.

(a) Suppose that £} is an eigenspace of 7" € L(V'). Prove that E) is invariant under 7'.

(b) Suppose that T, S € L(V) such that T o S = S o T. Prove that ker S and im S are
invariant under 7'.

20. The spectrum of a linear operator is the set of scalars A € F such that 7" — I is not

invertible.

(a) Prove that if V' is finite dimensional then the spectrum of 7T is precisely the set of
eigenvalues of T'.

(b) Let T : P(R) — P(R) be given by T'(p(z)) = zp(x). Recall from last week that T
does not have any eigenvalues. On the other hand, prove that 0 is in the spectrum
of T.

4.3 Diagonalizability as a direct sum of eigenspaces

Our next goal is to prove the following theorem.

Theorem 4.3.1. Let V be a finite dimensional vector space. Then T € L(V') is diagonalizable if
and only if
V=E\(T)®-- @ B\ (T)

where A1, ..., A, are the (distinct) eigenvalues of T

Before we prove this theorem, we need to discuss the direct sum of multiple subspaces,
rather than just two. This is a natural generalization of the normal direct sum.

Definition 4.3.2. Let W1, ..., W}, be subspaces of a vector space V. Define

Wi+ Wei={wi 4+ 4w |wj € W}
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We say that V' is the direct sum of W1, ..., W}, written

ifV =W+ - +Weandif W;NW; =0 for all i # j.
Example in R3
Lemma 4.3.3. Suppose that X # i are two eigenvalues of T € L(V'). Then Ex(T) N E,(T) = {0}.

Proof. Suppose thatv € E(T)NE,(T). Then T'(v) = Avand T'(v) = pw. So (A — p)v = 0. Since
A — p # 0, it follows that v = 0. This proves that E,(T") N E,(T) = {0}. O

Proof of the above theorem. First, suppose that 1" is diagonalizable. Let A1, ..., A be the distinct

eigenvalues of T'. Let
k k

{v%,...,vjl-l,...,ul,...,vjk

be an eigenbasis of V such that {vi,... ,v;'-i} are eigenvectors associated to \;. Note that
{vi,...,v},} is a basis of Ey (T). By the above lemma, Ey,(T) N Ey (T) = {0} for all i # j,
so we simply have to show that V = Ey (T) +--- + E) (T'). Fix v € V. Write

v = (aivi+---+a}lv}l)+---+(a’fvf+---+a§kv§?k).

Since ajvi + -+ + @} v

Ex, (T) SRR E)\k (T)
Next, suppose that V' = Ey,(T) @ --- @ Ex(T). Let B; = {v{,...,v} } be a basis for the

subspace E\,(T') for each i = 1, ..., k. Note that each element of B; is an eigenvector of 7' with

€ E,,(T), this proves that V = E) (T) + --- + E),(T). Thus, V' =

eigenvalue )\;. We claim that
B:=BU---UBy

isabasis of V. Fixv € V. Since V = E) (T) + - - - + E, (T), we can write v = vy + - - - v, where
each v; € E),. We can further write v; = a{v! + -+ + al v¢ , and so

Ji i’
0= (alol +ooeald) o (st
Thus, Span(B) = V. It remains to prove that 3 is linearly independent. FINISH ]

Corollary 4.3.4. Let V' be a finite dimensional vector space. Then T € L(V') is diagonalizable if and
only if the sum of the geometric multiplicities of all eigenvalues of T is dim V. That is,

Y dim B (T) = dim V.

Proof. Recall from the practice midterm 1 problems that dim(W; & Ws) = dim W; + dim Wa.
One can similarly show that

dim(Wl@”-@Wk) =dim Wi +---dim W,.

The corollary immediately follows from this observation. O
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Example, think about this in the context of the non diagonalizable operator from Friday

Exercises

1. Suppose that dim V' = n, and that T" € £(V') has two eigenvalues A # 1 € F. Prove that
if dim F\(T') = n — 1, then T is diagonalizable.

2. Let V be a finite dimensional vector space such that V. = U & W for some nonzero
subspaces U, W C V. Defineamap P :V — V by P(u+w) = u foru € U,w € W. Prove
that P is diagonalizable.

3. Let V be a finite dimensional real vector space, and suppose that V= W; & W, for some
subspaces W1, Ws. Define a linear map 7" : V' — V as follows. For each v € V, write v
uniquely as v = wy + wy for w; € W; and wy € Ws. Then define T'(v) := 3w;.

(a) Compute kerT'.
(b) Compute im 7.
(c) Prove that 7" is diagonalizable.

4.4 Computational aspects of eigenvalues via the determinant

To close out our discussion of diagonalization and eigenvalue theory (which is much more
extensive than what we’ve seen!), I'll remind you of some facts from lower division linear al-
gebra about the determinant and the characteristic polynomial. Chapter 6 develops the theory
of determinants much more thoroughly; as far as these notes are concerned, this brief section
is optional.

Proposition 4.4.1. There exists a map det : M, (F) — F called the determinant that satisfies the

det (a b)zad—bc;
c d

following properties:

(i)

(ii) det(AB) = (det A)(det B);
(iii) det(A™1) = (det A)~;
(iv) Ais invertible if and only if det A # 0.

A good question is: given a linear operator, how in general can I go about finding the
eigenvalues? Beyond what we’ve discussed above, another computational option is to use the
characteristic polynomial.

Definition 4.4.2. Let V be an n-dimensional vector space. Let 7" € L(V'). Let B be a basis of V.
The characteristic polynomial of 7" is

cer(N) :=det([T]g — )
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Proposition 4.4.3. Let V' be a finite dimensional vector space, and let T € L(V).

(i) The characteristic polynomial cr () does not depend on the choice of basis in the previous defini-
tion.

(ii) The eigenvalues of T' are precisely the zeroes of cr (), viewed as a polynomial over F.
Proof.
(i) Let B’ be another basis of V. Let Q be the change of coordinate matrix from B to B’. Then
det ([T — AL) = det (Q'[T]pQ — A\Q ' 1,Q)
= det (Q7'([T]p = Mn)Q)
= det(Q 1) det([T)p — M) (det Q)

= (det Q)" (det Q) det([T]z — AL
= det([T]B/ - )\In)

(ii) Note that T' — X! is invertible if and only if [T' — Al|g = [T|p — A, is invertible. This

matrix is invertible if and only if
er(A) = det([T]g — Al,) # 0.

Thus, the eigenvalues of T are precisely the scalars A € F such that ¢ (\) = 0.

Exercises
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Chapter 5

Inner Product Spaces

Let V be an abstract vector space, as we have studied all throughout this text. Here are some
hypothetical questions. Given two vectors v,w € V, can we ask if the vectors are orthogonal,
or more generally about the angle between these two vectors? Can we ask if v is longer than w?
Can we ask about the distance between v and w?

The answer is no! In an abstract vector space, there is no notion of angle, length, or distance.
You might think that these concepts exist in R", but that comes from your previous bias about
Euclidean space. In other words, I am describing the following principle.

Principle 5.0.1. In an abstract vector space, there is no notion of geometry.

By geometry 1 mean properties like length, angle, distance, and so on. A vector space is a
purely algebraic structure, and although we like to visualize vector spaces like R? and R?, this
involves cluttering the pure algebra of a vector space with our subconscious understanding of
geometry. In reality, no such thing exists in a vector space.

Of course, it would be nice to introduce the notion of geometry into a vector space. In R?,
R3, and more generally R", we already have a familiar notion of Euclidean geometry that is
captured almost entirely by the dot product. In particular, recall that we can test orthogonality,
compute angles, and compute lengths in the Euclidean sense all in terms of the dot product.
We want to introduce geometry into vector spaces, and this is done with something called an
inner product. An inner product is an extra amount of structure that one can place on an abstract
vector space that is meant to generalize the familiar notion of a dot product. Using an inner
product, we can breathe geometry into the cold algebraic world of abstract vector spaces. This
is the driving principle behind this chapter.

Principle 5.0.2. One can bestow the notion of geometry onto an abstract vector space with
a choice of something called an inner product.
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5.1 Inner products

For now, we will consider vector spaces over either R or C. We briefly recall some notions
about complex numbers. The conjugate of a 4 bi € Cis

at+bi:=a—-biecC

and the modulus of a complex number a + bi € Cis
la + bi| := a2 + b2

Note that if A\ € R is a real number, we have A = . One can prove that if z,w € C, then

zw = zw and that 2z = |2|°.

Definition 5.1.1. Let V' be a (real or complex) vector space. An inner product is a function
(-,-) : V x V — F satisfying the following properties.

(1) (v+ v, w) = (v,w) + (v, w) and (\v,w) = A (v,w) forall v,v’,w € V and X € F.

(2) (v,w) = (w,v) forall v,w € V.
(3) (v,v) >0ifv#0€ V.

Example 5.1.2. Consider the vector space R". The standard inner product, denoted (:,-) 4
also known as the dot product, is given by

std

This really is the usual dot product that you are familiar with, and it does indeed satisfy all of
the properties of Definition 5.1.1. Indeed, for example, note that

/
Ty

1 1 x1 + ) 1
<z+s,s>=<;,;>
/

/
T T, Ty, std Ty +x, Ty,

std

= (z1+ 2Dy + -+ (Tn + 27)Un
=x1y1 + xllyl + o+ TpYn + x;wyn

= (z1y1 + - Toyn) + ($/1y1 +oe ﬂﬂlnyn)

/

xr1 T Xy T
() )]
/

std n std

This proves that (v + v/, w) 4 = (v, W) 4 + (V/, W) 44 forall v,v’, w € R™, which is half of axiom
(1) in Definition 5.1.1. Verification of the rest of the axioms are left as an exercise.
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Example 5.1.3. There is also a standard inner product on C", but it is necessary to introduce a
conjugate in order to satisfy (2) and (3) of Definition 5.1.1. The standard inner product on C"
is given by

std

For example,

<<1;ri>’<1ii>>:(1+i)§+311i=(1+z’)2+3(1+z’):5+5i_

One can verify that (-, -) 4 satisfies all of the properties of Definition 5.1.1. For example, note
that

std

which verifies (2) of Definition 5.1.1. The rest of the properties are left as an exercise.

Example 5.1.4. Crucially, there is more than one choice of inner product on any given vector space. For
example, consider the vector space R%. We could of course choose the standard inner product,
i.e., the dot product, as in example 5.1.2:

T
! ) u = T1Y1 + xT2Y2.
€2 Y2 std

However, there are other inner products we could choose. For example, define an inner prod-
uct (-, -)5, where the subscript 2 is just used to differentiate this inner product from the standard

x
", . = 2m1y1 + woy1 + T1Y2 + 222Y0.
L2 Y2 9

one, by
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Note that we can alternatively describe (-, -), by using a 2 x 2 matrix as follows:

Tl 1
; = 2x1y1 + T2y1 + T1Y2 + 2722
€2 Y2 9

= y1(221 + 22) + yo(z1 + 222)
i ( ) 2x1 + 2
-\ T1 + 229

b () ()

Again, it is possible to verify all of the inner product axioms in Definition 5.1.1 for this non-
standard inner product (-, -). For the sake of variety, we will prove (3) and leave the rest as an
exercise. For any v = (z1,x2) € R2, note that

x z
(v,v)y = <( 1) , ( 1) > = 2121 + ToT1 + T1T9 + 2x0x0 = 237% + 2x129 + 290%.
2

T2 i)
Now for something sneaky.! Note that

1 3 1 3
5(2171 + 29)? + 53}% = 5(45@ + dxyx0 4 73) + 51‘% =227 + 2z 29 + 222,

Thus,

1 3
(v,v)y = 5(2%’1 + x2)2 + 5:10%

In particular, since 22 > 0 and (221 +2)? > 0, it follows that (v,v) > 0 for all v € R%. Moreover,
if v # 0, then at least one of z; or z3 will be nonzero, and so in this case (v, v) > 0. This verifies
(3). The rest of the properties are left as an exercise.

Example 5.1.5. Let V = C[-1,1] = { f : [-1,1] — R | f continuous } be the set of continuous
real-valued functions on the interval [—1, 1]. Define an inner product by

1
(f.9) = /1 f(z)g(x)de.

The fact that (-, -) is linear in the first argument follows from linearity of integration, and the
fact that (f, g) = (g, f) is? trivial, so this verifies the first two requirements of an inner product.
The most nontrivial condition to check is the statement that if f # 0, then (f, f) > 0. We leave
this as an exercise, since it is more in the realm of analysis. The idea is to observe that

1
o f) = / [ (@)]2 da.

-1
Since [f(z)]? > 0, and since f is continuous, the only way for the integral to be equal to 0 is for

f=o.

ITo see where this sneakiness comes from, check out the exercises!
*Note that this is a real vector space, so (2) in Definition 5.1.1 just becomes (f, g) = (g, f)-
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Definition 5.1.6. An inner product space is a vector space together with a choice of inner
product.

Remark 5.1.7. The above examples should emphasize the fact that a given vector space can be
viewed as an inner product space in different ways. For example, (R?, (-, ) 4) and (R, (-, -),),
where the indicated inner products are the ones from the examples above, are different inner
product spaces. In practice, I will be a bit sloppy and will frequently just refer to V' as an inner
product space, omitting the explicit choice of inner product.

Proposition 5.1.8. Let V' be an inner product space. Then
(i) (v,w~+w') = (v,w)+ (v,w)
(ii) (v, \w) = X (v, w)
(iii) (v,0) = (0,v) =0
(iv) (v,v) = 0ifand only if v = 0.

Proof. We prove (ii), and leave the rest as an exercise. Note that (1) and (2) of the definition of
inner product together imply

O]

Remark 5.1.9. We say that an inner product is conjugate linear in the second component. When
F = R, (i) and (ii) above, together with (1) in Definition 5.1.1, imply that an inner product is
bilinear.

Now we can introduce the first notions of geometry into an inner product space. Again,

none of these notions exist a priori — they are defined using an inner product.

Definition 5.1.10. Let V' be an inner product space. The length or norm or magnitude of a
vector v € V' is ||v|| :== v/(v,v). A unit vector is a vector such that ||v| = 1.

Remark 5.1.11. Note that this definition makes sense because of the axiom (v,v) > 0if v #
0 € V in the definition of an inner product. In particular, even if V' is a vector space over the
complex numbers, (v,v) > 0 is a non-negative real number for all v € V, and hence / (v, v) is
well-defined.

Here we state some basic properties of the norm associated to an inner product. These
should be familiar from your previous understanding of lengths of vectors in multivariable
calculus.

Proposition 5.1.12. Let V' be an inner product space. Then

@ [[Av[l = A vl
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(ii) v = 0if and only if ||v|| = 0.

Proof. This is an exercise, which is immediate from the previous proposition about inner prod-
ucts. ]

The notion of angle, and in particular of orthogonality, is also central to the geometry of
inner product spaces.

Definition 5.1.13. Let V' be an inner product space. Two vectors v,w € V are orthogonal,
sometimes written v_Lw, if (v, w) = 0.

Example 5.1.14. Consider C? with the standard inner product. Let v = (1,i), and let w =
(1, —1). Note that
(w)yy=1-14i-—i=1+i-i=1+i>=0.

Thus, v and w are orthogonal.

Example 5.1.15. Consider R? with the non-standard inner product from Example 5.1.4 defined

by
X
! ) u = 2x1Yy1 + T2y1 + T1Y2 + 2T2Y0.
€2 Y2 9

Letv = (1,0) and w = (1, —2). Note that

<(;> , (_12)> = 21)(1) + 1) + (1(2) +20)(~2) =0.

Thus, in the inner product space (R?, (-, -),), the vectors v = (1,0) and w = (1, —2) are orthog-
onal! We can also compute the lengths of the vectors v and w in this nonstandard geometric
world. Note that, for example,

loll = \/(v,0), = V2.
Likewise, one can also check that ||w|| = v/6.

Remark 5.1.16. This example raises a lot of interesting borderline philosophical points about
our understanding of geometry and abstract mathematics. It is tempting to look at the previous
example and think this is stupid, the vectors (1,0) and (1, —2) are clearly not orthogonal because if
you draw them they don’t form a right angle; for example, see the left side of Figure 5.1. But
in drawing the vectors (1,0) and (1, —2) in the normal way, you are automatically imposing
the standard inner product onto your picture. In other words, the way you naturally draw R?
packages the geometry coming from the standard inner product. If you were to draw v and w
in (R?, (-, ),), they would look like the right side of Figure 5.1.

Example 5.1.17. This is an informal example for those readers that are interested in probability
theory. I will keep this vague for now, and will refer to Exercise 16 for more information. It
turns out that, given a probability space, the set of random variables forms a vector space:

V = {X | X is arandom variable }.
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v=(1,0)

w = (1,-2)

w=(1,-2)

Figure 5.1: On the left is the standard inner product space R? with the non-
orthogonal vectors (1,0) and (1, —2) drawn in red. The vector (0,1) is also
drawn in blue for reference. The right picture consists of the same vectors,
drawn in the nonstandard inner product space (R?, (-, -),). In both pictures
the z-axis, i.e., Span(e;), and the y-axis, i.e., Span(es), are drawn in black.

One can define an inner product on V' using the covariance:
(X,Y) :=Cov(X,Y).

In this set up, two random variables being uncorrelated corresponds to the two random vari-
ables being orthogonal in this inner product space!
Exercises

1. Verify the rest of the inner product axioms for the standard inner products on R" and C"
in examples 5.1.2 and 5.1.3.

2. Verify the rest of the inner product axioms for the integral inner product defined in Ex-
ample 5.1.5.

3. In this exercise we will investigate non-standard inner products like (-, ), as defined in
Example 5.1.4. FINISH

4. Let C*°(]0,27]) be the vector space of infinitely differentiable functions f : [0,27] — R.
Define (-, -) by

2
(fro):= | flw)g()do.
Prove that (-, -) is not an inner product on C*°(]0, 27]).

5. Let V be a (real or complex) finite dimensional inner product space. Let B = {v1,...,v,}
be a basis for V. Prove that if (v,v;) =0forall j =1,...,n,thenv = 0.

6. Let V be a (real or complex) inner product space with inner product (-, -),. For T' € L(V),
define (-, -), by



10.

11.

12.

13.

14.

(a) Prove that if T is injective, then (-, -), is an inner product.

(b) Prove that if T' is not injective, then (-, -), is not an inner product.

Let C([0, 27]) be the real inner product space of continuous functions f : [0, 27r] — R with

inner product defined by
2

(f,9) = ; f(z)g(z) dx.

Let f,g € C([0,27]) be defined by f(z) = sinz and g(x) = cosz. Prove that f and g are
orthogonal.

Let V be a (real or complex) inner product space. Let v,w € V. Define the projection of
v along w, written proj,, v € V, to be

Prove that v — proj,, v is orthogonal to w. Sketch a picture of what you’ve proven in R2

Consider C([0, 27]), the real vector space of continuous functions f : [0,27] — R. Prove
that

f,g) = x)g(x) dzx
is not an inner product on C(]0, 27]).

Let V be a (real or complex) inner product space and suppose that v, w € V are orthogo-
nal. Prove that
2 2 2
lv+wl” = ol + [lw]]*-

Draw a picture and identify what theorem you just proved.

Prove the parallelogram law: For all v,w € V, where V' is a (real or complex) inner product
space,
2 2 2 2
[v+wl” + o = w]™ = 2{Jv[|” + 2 Jw]]".

Draw a picture and explain why this is called the parallelogram law.

Let T be an operator on a (real or complex) inner product space V. Prove thatif || T'(v)| =
|v|| for all v € V, then T is injective.

Let V be a real inner product space. Prove that

1 2 1 2
(v,w) = 7 o+ w]” = 7 o —w]

4

forall v,w € V.

Let V and W be inner product spaces with inner products (-, -);, and (-, -);, respectively.
Prove thaton V' x W,

((v1,w1), (v2, w2)) == (v1,v2)y + (W1, W)y
is an inner product.
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15. Let V be an inner product space with dimV = 3. Fix vectors vg,wg € V such that
<’U0, ’UJO> = 4. Define T € E(T) by

T(v) := (v,vg) wp.

(a) Compute, with proof, dimim 7" and dim ker 7'.
(b) Prove that 7" is diagonalizable.

16. ADD

5.2 The Cauchy-Schwarz inequality

The next theorem is one of the most important inequalities in all of math. For us, it will in
particular help to justify the definition of angle in an inner product space.

Theorem 5.2.1 (Cauchy-Schwarz inequality). Let V' be an inner product space. Then for all
v,weV,
[ (v w) [ < ol flwl]-

Furthermore, equality holds if and only if v and w are parallel.

Proof. Assume that F = R. The proof in the complex case is essentially identical, with some
annoying technical differences because of complex numbers. Working these details out is left
as an exercise.

Fix v,w € V. The theorem is immediate if either v or w is 0, so assume v, w # 0. Define a
function f : R — R as follows. For ¢ € R,

f(t) = (v +tw, v+ tw) .
Note that f(t) = ||v 4 tw|* > 0. On the other hand, note that
f(t) = (v+tw,v + tw)

= (v,v) + (tw,v) + (v, tw) + (tw, tw)
= [lol* +2 (v, w) t + [|w]|* £2.
Thus, f is a polynomial in ¢. To clarify and emphasize this point, we are viewing f(¢) as a

quadratic polynomial expression

2

7ty = (Ilwl?) 2 + @ v, w)) ¢+ v

Since f(t) > 0, the discriminant (b? — 4ac) of this quadratic polynomial must be nonpositive (if
it were positive, there would be two distinct real roots of f(t), which would imply that f(¢) < 0
for some values of t). Thus,

(2 (v, w))? — 4 (

) Jlol* <.

w
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Rearranging the inequality gives
(v, w) < [Jv|

wll

as desired.
The equality if and only if statement is left as an exercise. O

Corollary 5.2.2 (The triangle inequality). Let V' be an inner product space, and let v,w € V. Then
lv+wl < loll + [[w]-

Proof. Again, we prove the triangle inequality in the real case. The complex version is similar,
with some technical differences that don’t really matter.
Fix v,w € V. Note that

v+ wl|* = (v + w, v+ w)
= (v,v) + (v, w) + (w,v) + (w, w)
= ol + 2 (v, ) + ]

By the Cauchy-Schwarz inequality, (v, w) < ||v|| ||w]|. Thus,
o+ w2 < Jlolf? + 2 o] o] + ]
2
= ([[oll + [[wl})”

Taking square roots of both sides gives
lv+wll < flvf} +[lw]

as desired. n

Now, we can discuss the notion of angle in an abstract inner product space, beyond orthog-
onality. To continue emphasizing the main principle of this chapter, the notion of angle and
orthogonality is defined via our choice of an inner product. It wasn’t already there.

Definition 5.2.3. Let v,w € V be vectors in a real inner product space. The angle between v

0y := arccos ((v,w)> .

[[ofl [[w]]

and w is

Remark 5.2.4. Note that when we define angle, we have to specialize to an inner product space
over the real numbers. In particular, the domain of arccos z is [—1, 1], and so this definition is
well defined because of Cauchy-Schwarz!

Proposition 5.2.5. For v,w € V in an inner product space, (v, w) = ||v|| ||w|| cos by .

Proof. This is immediate from rearranging the definition of ¢, ,, above. O
As a remark, we aren’t really that interested in angles in general, and I recommend not

trying to use the concept of angle, or the formula (v,w) = ||v| [|w]|| cos 0,4, in exercises and

proofs in inner product spaces. It is more out of interest that we can define the notion of angle

in complete generality! Orthogonality is a more important concept to understand and wield
effectively.
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Exercises
5.3 Orthonormal bases and orthogonal complements

Suppose that V' is a finite dimensional inner product space. Since it is a vector space, we can
discuss the notion of a basis, as we have been all quarter. In an inner product space, we can
look for a special kind of basis called an orthonormal basis.

Definition 5.3.1. Let V' be an inner product space. A set of vectors {vi,...,v,} C V is or-
thonormal if ||v;|| = 1 for all j, and if (v;, v;) = 0 for i # j. An orthonormal basis is a basis of
V which is orthonormal.

Example 5.3.2. Consider R? with the standard inner product (the dot product). Then {(1,0), (0,1)}
is an orthonormal basis. Another orthonormal basis is

() (5)

Theorem 5.3.3. Let V' be an inner product space.

(i) There is an orthonormal basis of V.

(ii) If {u1, ..., un} is an orthonormal basis of V, then for allv € V,

n
v = Z (v, uj) u;.
j=1

Proof.

(i) We only provide the idea of the proof for (i). Recall the Gramm-Schmidt process. Let B
be any basis of V, and then apply Gram-Schmidt.

(ii) Letwv € V. Because {uy,...,u,} is a basis, we can write

n
v = E (ljUj
Jj=1

n
a;jugj, u;
J=l1

(ajuj, u;)

for some constants aj; € F. Note that

<1), ul> =

—

I
NE

1

<.
Il

aj <Uj, u2> .

|
.M:

<
Il
—



Since {ui,...,u,} is orthonormal, (uj,u;) = 0if ¢ # j and (u;, u;) = 1. Thus, the above
equation simplifies to (v, u;) = a;, which proves the theroem.

O]

Definition 5.3.4. Let W C V be a subspace of an inner product space. The orthogonal com-
plement of W is the set

Wt :={veV| (v,w)=0forallwe W }.

Examples: R3

Example 5.3.5. Consider the vector space C[—1,1] = { f : [-1,1] — R | f is continuous } with
inner product given by

1
(f,9) :/_1 f(x)g(x) dx.

Let W ={f e C[-1,1] | f(—x) = —f(x) } be the subspace of odd functions. We claim that the
orthogonal complement of Wis W+ = { f € C[~1,1] | g(—z) = g(z) }, the subspace of all even
functions. First, we show that

{9€Cl-L1]| g(~2) = g(x)} C W

Letge {g € C[-1,1] | g(—x) = g(z) } and let f € W. Note that f(—z)g(—z) = —f(z)g(x), and
so fgis an odd function. Thus,

(f,9) = /_1 f(x)g(x)dx = 0.

This implies that g € W.
Next, we show that
Wt c{geCl-1,1]|g(-z) =g(z) }.

This part is actually a bit trickier. Let g € W+. Then (g, f) = 0 for every odd function f. Note

that we can write
g(x) +g(-x)  g(x) —g(-2)

g(x) = 5 + )
= geven () =:godd ()
Moreover, geven(z) = w is an even function, and goqq(z) = W is an odd func-

tion. Then (g, f) = 0 for every f € W implies

<govcn + Godd, f> =0 = <gcvcny f> + <godd7 f) =0

for every f € W. Note that because geven is even and f is odd, the first part of our argument
shows that (geven, f) = 0. Thus, we have

(Godd; f) =0
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for every odd f € W. In particular, since goqq € W, it follows that

HgoddH - <goddsgodd> = 0.

By properties of norms, it follows that g,qq = 0 and so g = geven. In particular, g € W L. This

completes the proof that

W ={feC[-11]|g(~z) = g(z) }.

Proposition 5.3.6. Let W C V be a subspace of an inner product space. Then W is a subspace of V.

Proof. ADD O

Proposition 5.3.7. Let W C V' be a subspace of an inner product space. Then

V=WaoWw
Proof. ADD O
Exercises
1. Let V be a finite dimensional inner product space, and let {uy, ..., u,} be an orthonormal

basis of V. Prove that, for allv,w € V,

n

(v,w) = (v, u5) (w,uy).

Jj=1

. Let V be a finite dimensional inner product space, and let W C V be a subspace. Prove

that (WH)L =Ww.

Let V be a real inner product space with dim V' = 3,let T" € L(V'), and let B = {v1, v2, v3}
be a basis of V. Fix v,w € V.

Suppose that (v,v1) =1, (v,v2) = —1, and (v, v3) = —1. Further suppose that [T (w)|g =
(2,3,-1).

Let V and W be finite dimensional inner product spaces with (ordered) orthonormal
bases B = {v1,v2,v3} C V and C = {wy, w2} C W, respectively. Suppose3 thatT : V —
W satisfies ||T'(v) ||y < |lv]ly forallv € V.

Let a;; denote the (i, j) entry of the coordinate matrix [T]§. Prove that |a;;| < 1 for all 4, j.

(a) Compute (T'(v), w).

(b) Now suppose further that B is an orthonormal eigenbasis of V' with respect to T, and
pp 8 P
suppose that the eigenvalues associated to vy, vz, v3 are 1, 2, —1, respectively. Com-
pute [T4(v)].

*Here, |||, and ||-||;;, denote the (necessarily different!) norms on V and W, respectively. Similarly, denote the
respective inner products by (-, -),, and (-, ).
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5. Let V = C([—1, 1]) be the inner product space of continuous functions f : [-1,1] — R
with inner product given by

(fi9) = /_1 f(z)g(z) dx.

Let
W:={feV]f0)=0}

(a) Prove that W is a subspace.

(b) Prove that W+ = {0}. Conclude that (W=+)+ #£ W.

6. Let V be a finite dimensional inner product space, and let Wi, Wa C V' be subspaces.
Prove that
(W1 + Wo)t = Wi nwit.

5.4 Adjoints

The concept of duality in mathematics is an elusive but pervasive one. It can be hard to pin
down exactly what it means, but it is recognizable when it appears. In the context of linear
algebra, inner product spaces are a natural arena to discuss duality. In this section we will do
so by introducing the notion of an adjoint of a linear transformation 7" : V' — V. This will be
another linear transformation 7% : V' — V that is “dual” to 7" in some sense.

FTOC MOTIVATION???

Proposition 5.4.1. Let V be an inner product space. Suppose that (v, w) = (v, w’) forallv € V. Then

w=uw.

Proof. Since (v, w) = (v,w’) for all v € V, we have (v,w —w’) = 0 for all v € V. In particular,
(w—w',w—w'") = 0. It follows that w — v’ = 0, and so w = w'. O

The following is a definition/theorem — we need to prove uniqueness and linearity of the
defined operator.

Definition 5.4.2. Let V be an inner product space, and let I" € £(V'). The adjoint of 7', when it
exists, is the unique, linear map T : V' — V such that

(T'(v), w) = (v, T"(w))

forallv,w e V.

Proof of uniqueness and linearity of T*. Assume that T exists. First we prove that it is unique.
Assume that there is another map U : V' — V such that (T'(v), w) = (v, S(w)) for all v, w € V.
Then (v, S(w)) = (v,T*(w)) for all v,w € V, and so by the previous proposition we have
S(w) = T*(w) for all w € V, hence S = T™*. Thus, T* is unique.
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Next we prove linearity of 7*. Fix v € V, and let w, w’ € V. Then

&
_I_
5
=
-

Since this holds for all v € V, we have T*(w + w') = T*(w) + T*(w’). The other property is
similar, and is left as an exercise. O

Note that adjoints don’t always exist! But this phenomenon is restricted to infinite dimen-
sions. In finite dimensions, adjoints do always exist.

Theorem 5.4.3. Let V' be a finite dimensional inner product space, and let T € L(V'). Then T*
exists.

Proof. Omitted. O

Whenever we state a proposition or problem involving adjoint, we will just assume implic-
itly that we are working with a transformation 7" for which the adjoint exists.

Example: transpose

This example captures the motivation and intuition behind the adjoint. In some sense,
it’s an abstraction of the transpose operation. In actuality, it's an abstraction of the conjugate-
transpose. The following proposition makes this precise.

Proposition 5.4.4. Let V be a finite dimensional inner product space, and let T € L(V'). Let B =
{u1,...,un} be an orthonormal basis of V. Then

Proof. Let A = [T'|3. We wish to compute B := [T*|z. Note that, because B is orthonormal,
T (u) = (T"(us), ur) ur + -+ + (T (ug), un) un.

This tells us that B;; = (T (u;), u;). Similarly, A;; = (T'(u;), u;). Note that

Aji = (T (ui), uj) = (uj, T(wi)) = (T (uy), ui) = Bij.
Since A;; = B;j it follows that B = AT, O

Examples: integration by parts, shift operator

5.4.1 The adjoint and the transpose

This subsection requires knowledge of dual spaces, and the notion of the (abstract) transpose
of a linear transformation; see Section 3.5.
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In this section, we have introduced the adjoint of a linear transformation 7" : V. — V of
an inner product space, which is another linear operator 7% : V' — V on V. Proposition 5.4.4
suggests that we can think about the adjoint of a linear map as an abstract generalization of the
(conjugate) transpose of a matrix, and this is indeed the case. If you have read Section 3.5 about
dual spaces, then you would remember that we have already seen a different generalization
of the transpose of a matrix. In that setting, given a linear map 7" : V' — V/, the transpose is a
linear map 7" : V* — V* between dual spaces. The examples and results that we have studied
regarding the transpose and the adjoint suggest that these two notions should be related on
some level; for example, compare Theorem 3.6.13 and Proposition 5.4.4. In this subsection we
will elucidate this relationship.

First, we recall an important fact about dual spaces in finite dimensions, namely, that if V'
is a finite dimensional vector space then V* = V. In words, the dual space of a vector space is
isomorphic to the original vector space. To prove this fact, we had to choose a basis B of V' and
then construct the so-called dual basis B*. It is interesting to note that we had no choice but to
choose a basis, and the isomorphism V* = V' depends on this choice. In other words, there no
natural way to describe an isomorphism of V* with V' without choosing a basis. While this is
not the end of the world, it is always nice to find ways to do things in math without having to
make choices. It turns out that if V' is an inner product space, so that it comes equipped with the
additional structure of an inner product, then there is a natural (basis-free) isomorphism of V*
with V. This is given by the following proposition.

Proposition 5.4.5. Let V' be a finite dimensional inner product space. Then the map ¢ : V. — V* given
by

is an isomorphism.

Remark 5.4.6. In words, this proposition says that on an inner product space, every linear func-
tional V' — IF can be described as “inner product against a fixed vector”.

Proof. First, we clarify the notation in the statement of the proposition. For an element v € V,
we define ¢(v) € V* as the function ¢(v) : V. — F given by ¢(v)(w) := (v, w). Note that
¢ : V — V*isin fact linear. This follows from the fact that an inner product is linear in the first
argument.

Thus, it remains to show that ¢ is invertible. Since we have already proven that dimV =
dim V'*, it suffices to prove that ¢ is injective. Suppose that ¢(v) = 0. Then ¢(v)(w) = 0 for all
w € V,and so (v,w) = 0 for all w € V. Thus, v = 0. This proves injectivity. O

With this isomorphism ¢ : V' — V*, we can describe the relation between the adjoint
T*:V — V and the transpose T* : V* — V*,

Proposition 5.4.7. Let V' be a finite dimensional inner product space, and let T' : V' — V be linear. Let
T* :V — V be the adjoint of T, and let T* : V* — V* be the transpose of T'. Let ¢ : V' — V* be the
isomorphism given by ¢(v) := (v,-). Then ¢~ o Tt 0 ¢ = T*.

Remark 5.4.8. In words, this proposition says that 7% and T* are indeed the “same”, in the sense
that they are similar. One is given by conjugating the other with the isomorphism ¢.
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Proof. By composing both sides with ¢, to prove the desired statement it suffices to prove that
T' o ¢ = ¢ o T*. Note that both T o ¢ and ¢ o T* are maps of the form V' — V*. Thus, given
v € V we wish to prove that (T" o ¢)(v) and (¢ o T*)(v) both define the same linear functional
on V. To do this, we must prove that

(T" 0 ) () (w) = (¢ 0 T*)(v)(w)

forall w € V (and all v € V). So fix v, w € V. Note that

(T 0 §)(v)(w) = T"($(v))(w)
= o(v)(T(w))
= (v, T(w)).

On the other hand, note that

(poT*)(v)(w) = (T™(v))(w)
= (T"(v), w)
= (v, T(w)).

Thus, (T% o ¢)(v)(w) = (¢ o T*)(v)(w) as desired. This proves that 7" o ¢ = ¢ o T* and hence
droTlod=T*
as desired. O
Exercises
1. Let V be an inner product space, and let I" € £(V') such that T exists. Prove that
(imT*)* =ker T.
2. Let V be a finite dimensional inner product space. Prove that ker(7* o T') = ker T".

3. Let V be an inner product space. An operator T' € £(V') is normal if 7* o T = T o T™.
Prove that if T' is normal, then
[T ()| = [T (v)l]

forallv e V.

4. True or false: If v,w € V are vectors in an inner product space such that 7'(v) and T'(w)
are linearly independent, then 7*(v) and 7™ (w) are also linearly independent.

5.5 Self-adjoint operators and the spectral theorem

Definition 5.5.1. Let V be an inner product space, and let 7' € £(V'). Then T is self-adjoint if
T =T.
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By unraveling the definition of the adjoint, we see that T’ is self-adjoint if
(T(v), w) = (v, T(w))

forall v,w € V.
Examples: symmetric matrix, second derivative

Theorem 5.5.2 (Spectral theorem for self-adjoint operators). Let V' be a (real or complex)
finite dimensional inner product space. Let T € L(V') be a self-adjoint operator. Then all of the
eigenvalues of T are real, and T is orthogonally diagonalizable, i.e., there is a basis of orthogonal
eigenvectors.

Can you hear the shape of a drum?

Exercises
5.6 Orthogonalization methods

5.6.1 Householder transformations

In this subsection we will discuss Householder transformations, which are abstract generaliza-
tions of reflections across a plane. We begin by clarifying exactly what we mean by a “plane”
in a general inner product space.

Definition 5.6.1. Let V' be a n-dimensional (real or complex) inner product space. A hyper-
plane P C V is a subspace of dimension n — 1. Equivalently, a hyperplane is any subspace of
the form

P={v}"={veV]| (v,u)=0}

for some fixed vy # 0 € V. In this case, we say that vy is a normal vector to P.

Remark 5.6.2. Note that normal vectors to a hyperplane P are not unique. If vy is a normal
vector to P, then vy is also a normal vector for any A # 0 € F.

Given a hyperplane P C V, we wish to build a linear operator Hp : V' — V which reflects
vectors across the plane. The general definition comes from the following geometric motiva-
tion in R?. Given a line P through the origin and a fixed vector z € R? not on the line, we
can reflect x across P by first orthogonally projecting onto P and using the difference vector
x — projp = to our advantage:

x —2(x — projpx) = 2projpx — x.

See the left side of Figure 5.2.

However, we wish to describe this operation in terms of the data of a normal vector to P.
If ug € R? is a such a normal vector, which we may also assume without loss of generality is a
unit vector so that ||up|| = 1, then

projp T = T — pProj,, = = r — (z,ug) Uo-
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U0

Tr — <I ’llu> uo
——

projpx

(2, uo) uo
: x
. —2(z — projp )

proj pI

x4+ —2(x — projp x)

P

\4

Figure 5.2: The left side depicts a reflection of = across P in terms of the projection onto P,
given by the gray vector projp x. The right side demonstrates that projpz = = — (z,ug) ugp =
T — Proj,, .

See the right side of Figure 5.2. Thus, our desired reflection of x is
2projpx —x = 2(x — (z,up) up) — . =x — 2 (x, ug) up.

This leads to the following abstract definition.

Definition 5.6.3. Let V' be a finite dimensional (real or complex) inner product space, and let
P be a hyperplane with unit normal vector vy € V. The Householder transformation across
P is the linear operator Hp : V' — V defined by

Hp(z) :=x — 2 (x,uo) uo.

The following proposition summarizes many of the important properties of Householder
transformations, including confirmation that they do behave as reflections across P.

Proposition 5.6.4 (Properties of Householder transformations). Let V' be a finite dimensional
(real or complex) inner product space, let P be a hyperplane with unit normal vector ug € V, and let
Hp : V — V be the Householder transformation across P.

(i) Ifx € P*, then Hp(z) = —x. If z € P, then Hp(z) = x.

(ii) The eigenvalues of Hp are —1 and 1. The eigenspaces are E_1(Hp) = P+ and E1(Hp) = P. In
particular, Hp is diagonalizable.

(iii) The operator Hp is self-adjoint, that is, H}, = Hp.
(iv) The operator Hp is unitary if V is complex, and orthogonal if V is real, that is, H}, = Hp'.
Proof.

(i) First, assume that z € P*. Then since P+ = Span(ug), we have x = (z, ug) ug. Thus,
Hp(x) =2 — 2 (x,up) up = (x,up) up — 2 (x,up) up = — (r,up) up = —x.
On the other hand, if z € P, then (x, up) = 0. Thus,

Hp(x) =2 — 2 (x,up) up = z.
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(ii) By part (a), ug is an eigenvector of Hp with eigenvalue —1, and any nonzero vector in P
is an eigenvector with eigenvalue 1. Since V = P @ P+, it follows that these are the only
eigenvalues. This also implies that F_1(Hp) = P+ and E;(Hp) = P and in particular
that Hp is diagonalizable.

(iii) Let v,w € V. To prove that H}, = Hp, we need to prove that
(Hp(v),w) = (v, Hp(w)) .
On the left, we have

(Hp(v),w) = (v —2 (v, up) ug,w)

= (v, w) — 2 (v, up) (ug, w) .
On the right, we have

(v, Hp(w)) = (v, w — 2 (w, up) up)
= (v,w) — 2(w, ug) (v, up)

= (v, w) — 2 (ugp, w) (v, ug) .

Thus, (Hp(v),w) = (v, Hp(w)), as desired.

(iv) By the previous part, to verify that H;, = H 131, we simply need to check that H% = I. Let
x € V. Then

H#(z) = Hp(z — 2 {z,u0) uo)
= Hp(z) — 2 (x,uo) Hp(uo)
= (z — 2 (x,up) uog) — 2 (x,up) (—uo)
=1z — 2(x,up) ug + 2 {x,ug) up

=z.

This proves that H? = I, as desired. Here we used the fact that Hp(ug) = —ug by part
(i). Thus, Hp is orthogonal when V is real, and unitary when V' is complex.

5.6.2 QR Decomposition
Exercises

1. Suppose that P is a hyperplane with normal vector vy € V, where vy is not necessarily a

unit vector. Prove that
<£L‘ 3 UO)

Hplw) =z -2 {vo,vo)

V0.

2. Consider the standard real inner product space R", and let B be the standard basis. Fix a
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unit vector ug € R™ and let P = {ug}*. Prove that
[HP]B =71 — 2u0ug

where uj is interpreted as an n x 1 matrix and v is the transpose.

3. Consider the standard complex inner product space C”, and let B be the standard basis.
Fix a unit vector ug € C" and let P = {ug}*. Prove that

[HP]B =1- 2“0“8

where uy is interpreted as an n x 1 matrix and wg is the conjugate transpose.

4. Gramm Schmidt exercise

5.7 An aside on quantum physics
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Chapter 6
Determinants

In this chapter, we will let F =R or F = C.

6.1 Multilinear maps

6.2 Definition of the determinant (proof of uniqueness)

Theorem 6.2.1. Let V be a finite n-dimensional vector space, and fix a basis B = {v1,...,vn}.
There is a unique multilinear alternating map Dg : V x --- x V. — F such that
N——

n times

Dgp(vy,...,v,) = 1.

In particular, any other multilinear alternating map D : V x --- x V. — T satisfies D = C Dg
—_——

n times

for some C' € F.

Corollary 6.2.2. There is a unique multilinear alternating function det : R™ x - -- x R" — R satisfy-
N—

. n times
ing
det(eq,...,en) =1
where {ey1, ..., e} is the standard basis of R™.
Definition 6.2.3. The function det : R" x --- x R" — R in the previous corollary is called the
| ——

n times
determinant.

6.3 Construction of the determinant (proof of existence)
6.4 Computing the determinant

6.5 Applications to eigenvalues
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Part 11

A Taste of Advanced Topics
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Chapter 7

Multilinear Algebra and Tensors
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Chapter 8

Symplectic Linear Algebra

I am a symplectic geometer by trade, so I can’t help but open a window to a part of the math-
ematical universe that has occupied so much of my mental real estate in recent years. In any
course or text on symplectic geometry, typically at the graduate level, symplectic linear algebra
is covered in understandable brevity (see, for example, [ Jor| ]). T hope to provide
an introduction to the basic ideas of symplectic geometry at the linear level which is accessible
to an interested 115A-level undergraduate, of the kind that I haven’t seen anywhere else.

Symplectic linear algebra is the study of symplectic vector spaces, which, much like inner
product spaces,! are vector spaces equipped with extra structure. In the case of an inner prod-
uct space, that extra structure is a choice of inner product, which is a fairly natural abstraction
and generalization of the familiar dot product. Because an inner product abstracts the dot
product, it is the natural way to introduce the notion of geometry into a vector space. As such,
inner product spaces are easy to motivate and natural to study. On the other hand, symplectic
vector spaces are vector spaces equipped with a symplectic form — something like an evil twin
of an inner product — and they are a bit harder to motivate and also less natural to a first-time
learner.

As you will hopefully see soon, symplectic vector spaces are important and naturally pop
up in a variety of places. Historically, the study of symplectic geometry arose as the mathe-
matical foundation of Hamiltonian mechanics. In the 1980’s, a mathematician named Mikhail
Gromov made some incredible discoveries and launched the field into the modern power-
house it is today. It is now a sophisticated and intricate area of math that has found use in the
study of geometry and topology, the formalization of ideas like mirror symmetry in physics,
and in applied math and statistics through Hamiltonian Monte Carlo algorithms, just to name
a few of its appearances. Unfortunately, it takes many years of study in a variety of areas of
math — topology, abstract algebra, analysis, category theory, etc. — to really learn symplectic
geometry and behold its power. Fortunately, even at the level of linear algebra it is possible
to develop some of the fundamental ingredients and cook some interesting symplectic mathe-
matical recipes.

I'm going to start out by writing down the definition of a symplectic form, just so you can
see it and have it in your mind as you read the motivation sections, but I don’t expect you to
get it, or understand it, or believe that it’s interesting.

!'In fact, one might call an inner product space a Riemannian vector space to make the relationship between sym-
plectic geometry and Riemannian geometry more apparent at the linear level.
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Definition 8.0.1. Let ' be a real vector space. A symplectic formisamapw : V x V — R that
satisfies the following properties.

(1) Itis bilinear, i.e., linear in each argument, i.e., for all A € Rand v,v’, w,w’ € V, we have
wv+v w) =w,w)+wl@,w) and w,w+w)=w(,w)+w,w)

and
wAv,w) = Aw(v,w) and  w(v, \w) = Iw(v, w).

(2) Itis antisymmetric, i.e., for all v,w € V, we have

w(v,w) = —w(w,v).

(3) Itis nondegenerate,i.e., forall v # 0 € V, thereis a w € V such that w(v, w) # 0.

We will start off with two sections provide some motivation, and then in Section 8.3 we will
return to the above definition to study some of its properties and consequences. The two
motivation sections 8.1 and 8.2 can be read independently (or not at all, if you already find the
above definition sufficiently interesting — but I suggest reading them).

8.1 Motivation via Hamiltonian mechanics

Like much of mathematics, the underlying motivation for symplectic linear algebra comes
from physics. Specifically, from Hamiltonian mechanics. Much has been written about this by
many others who know more about physics than me (see, for example, REFERENCES) and so
I will not attempt to give a thorough exposition here; I just want to indicate how the definition
of a symplectic form arises when thinking about certain things in physics.

In mechanics, you are interested in the motion of particles. For the moment, lets consider
the motion of a single particle moving around a 1-dimensional world, which we can identify
with R, with the position variable q. There are various theories in physics one can use to
understand this motion — for example, Newtonian mechanics and Lagrangian mechanics are
two of them, and Hamiltonian mechanics is a third. We will focus on the last one.

The first perspective in Hamiltonian mechanics is that we need to keep track of more data
than just the position of the particle. If I tell you that position of the particle at time ¢ = 1 is
at ¢ = 4, you will not be able to tell me where the particle will go next. We need to also keep
track of some additional information, like velocity or momentum. In Hamiltonian mechanics
we choose momentum, which I will denote with a variable p. In this way, to track the motion
of this one particle in 1-dimensional space we are actually keeping track of 2 dimensions worth
of data: the particle’s position, ¢, and the particles momentum, p. When we view position and
momentum together as a copy of R?, we call it phase space.

The punchline of Hamiltonian mechanics is that there is a set of differential equations in-
volving position, momentum, and time, that entirely describes the motion of a particle. To
write down this set of differential equations, we consider the total energy of the particle as a
function H (g, p) of its position and momentum. This function, called the Hamiltonian, is given
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by
H(q,p) = {the particle’s kinetic energy} + {the particle’s potential energy}.

Also note that because our particle is moving around, both position and momentum are func-
tions of time: ¢(t), p(t).
Hamilton’s equations then state:

q(t) =92
pt) =92

By solving these differential equations, one can understand how the motion of a particle
evolves over time (both in phase space, and also in the real world by just ignoring the mo-
mentum coordinate).

Let me rephrase Hamilton’s equations a little bit using vectors. Currently, we have a func-
tion H(q,p) of two variables, ¢ and p. In calculus you could compute the gradient of this func-

887H
VH = ﬁ .
Op

On the other hand, we could rewrite Hamilton’s equations above in vector form as follows:

tion:

The vector field on the right hand side looks like some screwed up version of the gradient,
where the coordinates have been flipped and the second entry picks up a negative sign. I will
call this vector field the symplectic gradient:>

oH
._ [Z)
VJoH = <_§H> .
Jq

Note that the normal gradient and the symplectic gradient are related by multiplication by a
rotation matrix:

O0H 0H
V.H = ( ! 1) VH e < BgH> = (0 1) <gg> :
-1 0 —on -1 0)\ 2

. . . . 0 1). I
This seems a bit contrived, but the appearance of the matrix 0 in Hamiltonian me-

chanics uncovers the fundamental nature of symplectic forms. In particular, let me define a
function w : R? x R? — R as follows. For v, w € R?, let

0 -1
w(v, w) == w’ (1 O) v

*More standard terminology would be the Hamiltonian vector field and more standard notation would be Xy;
I'm making up some different notation for storytelling purposes.

152



Note that we have actually used the negative of the previous rotation matrix in the definition.
This function w is an example of what we will eventually call a symplectic form! Writing
v=(q1,p1) and w = (g}, p}),’ this gives

w(v,w) = (Qi p/1> (? _01> <Zi>
= (qi pﬁ) (_qfl>

= qp) — ¢ip1-

The point of introducing this symplectic form w is that we can reformulate many equations,
ideas, and principles in Hamiltonian mechanics into statements about symplectic forms. For
example, the principle of conservation of energy has a nice interpretation in the context of sym-
plectic forms. If you don’t know much about physics (like me!) then you’ll have to trust me
that reformulating equations and ideas in physics in mathematically sophisticated language is
a good idea. Not only does this lead to clarity in the physical theories, but it allows mathe-
maticians to abstract away the physics and only study the mathematical properties that arise!
Symplectic geometry is, in some sense, the natural mathematical abstraction and generaliza-

tion of Hamiltonian mechanics.

Principle 8.1.1. Symplectic geometry and symplectic forms arise as the mathematical ab-
straction of Hamiltonian mechanics.

For one other example of reformulating known math in symplectic language, suppose you
have your Hamiltonian (energy) function H (g, p) and you want to take a directional deriva-
tive of this function with respect to some vector v = (a,b). From calculus, we know that the
directional derivative is given by the dot product of v with the gradient:

OH OH
DH=VH - v=a—+b—.
dq dp
Using the symplectic form w from above, we can rephrase this in fact in terms of the symplectic
gradient. Note that

pr=af %o 0) (B) -G 0 (1)) ()

9p

In words, to take the directional derivative of a function H in the direction v, you feed the
symplectic gradient V,H and the vector v into the symplectic form. This is one sense in which
a symplectic form acts as an evil twin to an inner product. In general, this suggests another
very vague principle.

*Here, the primes don’t mean any kind of derivative — I'm just using primes to distinguish the quantities ¢}
and p} from the quantities ¢1 and p1 in a way that is suggestive of what happens in the next section.
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Principle 8.1.2. Symplectic forms allow for a dual description of ideas in calculus.

This is one of those principles that is vague enough that it probably doesn’t mean anything to
you, unless you already know what I'm describing. It also isn’t clear why this a useful thing
to do, but it turns out to be a fruitful theme in math!

Finally, I'll just remark that this discussion about phase space can be generalized to any
even dimension. In particular, suppose your particle was flying around n-dimensional space.
There would be n associated position coordinates and n associated momentum coordinates,
and so phase space would be R?". The symplectic form then describes a dual pairing between

corresponding position and momentum coordinates!

8.2 Motivation via complex inner products

In Chapter 5 we studied (real and complex) inner product spaces. For the sake of clarity, let me
remind you of the definition of an inner product. Also let me specialize specifically to complex
inner products, which is what I am most interested in discussing in this section.

Definition 8.2.1. Let V' be a complex vector space. An inner productisamap (-,-) : VxV = F
satisfying the following properties.

(1) It is linear in the first arqument and conjugate-linear in the second argument, i.e., for all
v, ,w,w € Vand X € C we have

(v+v,w) = (v,w) + (v, w) and (v,w+w')= (v,w)+ (v,w)

and
Av,w) = A (v,w) and (v, \w) = A (v, w).

(2) Itis conjugate-symmetric, i.e., for all v, w € V we have

(3) Itis positive definite, i.e., for every v # 0 € V we have (v,v) > 0.

Like I said, this is a definition you are familiar with already — I'm simply reminding you of
the definition so that you notice the structural similarities with the definition of a symplectic
form at the beginning of the chapter.

To be concrete, let’s specialize even further and consider the standard inner product on C™:

Z1
Cc" = ZjE(C

Zn
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with

21 2]
< N >=2123+--~+znz§r
/

Zn 2y,

Recall that every complex number z can be written in the form z = z + iy where x,y € R are
real numbers (the real and imaginary parts of z). Thus, we can equivalently describe C" —
n-tuples of complex numbers — by n pairs of real numbers:

T + 1y
Cr = Tj,Yj € R
Tp + 1Yn

Let’s investigate what the standard inner product looks like with respect to the decomposition
zj = x; + 1yj. We have

1+ iy x| + iy
< : ; : > = (z1+1iyn) (2 +iyy) + -+ (20 +iyn) (27, +iyp)
Tn + iYn xl + iy,
= (z1+iy1) (&) — ) + - + (@0 + iyn) (27, — i)
= [(@12) +yiy1) +i(eyy — 2iy)] + -
o+ [(@12] + yih) + i@yl — Thyn)]
= [21@h + -+ Ty F 1Y+ Y]
+i [(zigh — 2hy) + -+ (g, — 2hyn)] -
This is a lot of notation to unravel, but all I have done is written z; = x; + iy; and simplified

the value of the standard complex inner product (which is a complex number) into its real
and imaginary parts. In other words, to introduce some notation, the standard complex inner

product is given by
T1 + iy T + iy} T1 + iy T + iy}
Re : , : > + iIm< : , : >
Ty + 1Yn I‘;l =+ Zy;z Tp + 1Yn "'E;’L + Zy:’L
where

x1+iy1 .Tll-f-lyi
Re< : , : >:::z:la:’1+~-—i—acnsnjﬁ—ylgﬁ—i—-"—Fyny;1

/ .

Tn + 1Yn x, + 1y,

and
x1 + iy1 ) + iy
Im < : , : > = (z19) — @1y1) + -+ (Tl — TYn)-
T + 1Yn xl + iy,
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Let me interpret this mess in one more slightly different way. Because a single complex num-
ber z; € C corresponds to two different real numbers z;,y; € R, we can naturally view our
description of the complex vector space C" as a real vector space R*". Recall that when we dis-
cussed vector spaces, we pointed out that C" can be given a vector space structure in multiple
ways: as a complex vector space, it has dimension 7, but as a real vector space it has dimension
2n. Anyway, all of this is to say that we can view C" from above as the real vector space

(
L1

In

Y1

Tj,Y; € R

Yn

where we are considering 2n-tuples, grouping all of the real parts (the z;’s) in the first n slots
and all of the imaginary parts (the y;’s) in the last n slots. From here on out, for the sake of
compressing some notation, let

I Xy
z x!
v = "l eR”™ and w= 7 c R?"
Y1 n
/
Yn Yn

denote two elements of our vector space. The real and imaginary parts of the standard complex
inner product above then give us two functions g : R?® x R?" — Rand w : R?" x R?" — R
defined by

g(v,w) i= ;@) + - T, Y+ Y,
and
w(v’ w) = (mlyll - xllyl) + o+ (SUny;L - x,nyn)

That is, I have introduced even more notation to rewrite the standard complex inner product
from above as
r1+ iy ) + iy
< : : : > = g(v,w) +iw(v, w)
T + Y x;, + iy,

where g and w are maps R?" x R*" — R. If you're still with me, I'll finally give some punchlines.

Observation 8.2.2. The map g : R?" x R*" — R, defined above as the real part of the
standard complex inner product (-, -) on C", is a real inner product on R?". In fact, it is the
dot product!
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Indeed, just to spell it out one more time, we have

I .1‘1
- Tn , _ / / / /
g(v,w)=g o =217 + - F 2y Y1y o Yndy,
Y1 1
Yn y;L

which is exactly the dot product you are familiar with from calculus (although in 2n dimen-
sions instead of 2 or 3). So what we have discovered is that if you take the standard complex
inner product on C" and decompose it into its real and imaginary parts, the real part gives you
the standard real inner product (the dot product) on R?". That’s cool, but it also suggests the
following question.

Question 8.2.3. If the real part g of the standard complex inner product (:,-) is a real inner
product, what kind of object is w, the imaginary part?

Let me remind you again what the function w : R? x R?" — R from above looks like. For
v, w € R?>", we have

X1 xl

Ln x;z / ’ / /
w(vvw) =w ) , = (xlyl - xlyl) +o (xnyn - xnyn)

A Y1

Yn y;L

This does not look like any kind of object we are familiar with from calculus or earlier in the
course. There are some determinant-y looking terms, but beyond that w is somewhat peculiar.
Here is the punchline of this motivation section.

Observation 8.2.4. The map w : R?" x R?" — R, defined as the imaginary part of the
standard complex inner product (-, -) on C", is a symplectic form on R?"!

Because this is a motivation section, I won't verify this observation here — I'll save that for
Section 8.3. Instead, I'll just repeat the punchline of all of the work we have done so far: when
you take a complex inner product and decompose it into its real and imaginary parts, the real part
becomes a real inner product and the imaginary part becomes a symplectic form. Complex products
are interesting, real inner products are interesting, and symplectic forms are the bizarre glue
that relates the two. You can also go the other way: given a real inner product g on some even-
dimensional real vector space V, and a symplectic form w on V, you can combine them form a
complex inner product on a complex version of V, roughly given by

(v,w) = g(v,w) + iw(v,w).

157



It takes some care to say what I just said precisely, but it is morally true.

It is an important theme in the study of geometry that these three kinds of geometries —
complex* geometry, real® geometry, and symplectic geometry — are intimately related. Math-
ematicians study each of these three geometries individually, but they also come together in a
beautiful part of math called Kdhler geometry.

Symplectic geometry
/ N

«——>  Complex geometry

Kéhler geometry

We will explore the relationship between complex geometry, real geometry, and symplectic
geometry at the level of linear algebra in the sections below.

8.3 Symplectic vector spaces

With some motivation, we are now ready to officially define the notion of a symplectic form. I
will remind you of the definition from the introduction.

Definition 8.3.1. Let V' be a real vector space. A symplectic formisamap w : V x V — R that
satisfies the following properties.

(1) Itis bilinear, i.e., linear in each argument, i.e., for all A € Rand v,v’, w,w’ € V, we have
wv+vw) =w,w) +wl@,w) and w,w+w)=w,w)+w(,w)

and

wAv,w) = w(v,w) and  w(v, \w) = Iw(v, w).
(2) Itis antisymmetric, i.e., for all v,w € V, we have
w(v,w) = —w(w,v).

(3) Itis nondegenerate, i.e., forall v # 0 € V, there is a w € V such that w(v, w) # 0.

A symplectic vector space (V,w) is a vector space V' together with a choice of symplectic form

w.

4Or, almost complex geometry, for those in the know.
SRiemannian, for those in the know.
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Remark 8.3.2. In this chapter, we will assume all vector spaces are finite dimensional, unless
otherwise stated.
8.3.1 The standard symplectic vector space

Before we study the properties of symplectic vector spaces, we should play around with the
main example of one. This should eventually look familiar, if you read the motivation sections.

Consider the vector space R*". Denote the usual standard basis by {e1,...,en, f1,..., fn}-
That is, let
1 0 0 0
0 1 0 0
e = g ee ey En = 5 — sy f—
1 0 n 0 fl 1 fn 0
0 0 0 1

Note that this is a different notation to refer to the standard basis from what we have used in
the past. This is intentional, and suggests that e, ..., e, are position directions and fi,..., f,
are the corresponding momentum directions. Define the standard symplectic form wgiq on the
standard basis vectors as follows:

( ):=0 foralli,j
wetd(fi, f3) =0 foralli,j

( ):=0 foralliyéj.

(i, fi) =1

for all ¢

Extend wgq to all of V by multilinearity (see the next example for an explicit example of what
this means). We call (R?", wyq) the standard symplectic vector space.

Example 8.3.3. Let’s unravel the standard symplectic form a bit more explicitly to get a feel for
what the above example is describing. In particular, what I mean by “extend by multilinear-
ity”. Let’s specialize to R*. The standard basis above is then

7f1: 7f2:

€1 =

o O O =
o O = O
O = O O
— o O O

This will be a bit tedious, but let’s compute the formula for wgq for any two vector inputs. In
particular, let v = (z1,22,y1,y2) and let w = (2, 25, v}, y5). We wish to compute wgiq(v, w).
The only way we can possibly do this is to use the multilinearity properties of wsq together
with the behavior on the standard basis vectors. Note that

v=x1e1+Toea+y1 f1+y2fo
w =z e +xhes+yy fi + s fo
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Thus,

wstd (v, w) = wsta(T1e1 + z2 ez +y1 fi +ya fa, ¥y e1 + x5 + 4y fi + Y5 f2)
= wsta(z1 €1, 7] €1 + 5 ez + Y1 f1 + Yy f2) +wssa(z2 €2, T e b ea + i fi 15 f2)
+wsta(y1 f1, ¥ e1 +xhea +yy fi + Y5 f2) +wsea(ye f2, 2 er + a5 ea + 4 fi + v fo)
Here the festive coloring is simply to help you keep track of each term, since the notation is
fairly overwhelming. Anyway, what I've done so far is used linearity in the first component to

break up wgd(v, w) into four terms. Let’s consider each of these separately. Continuing to use
multilinearity, we have

wstd(T1 €1, T e1 + ahea + Yy fi + s f2) = wsta(w1 e1, 77 1) + wera (w1 €1, 75 e2)
+wsta(z1e1, 1 f1) + wsia(z1 ex, v5 f2).
Now I'll drop the colors and use linearity in each component to pull out the scalars.

wstd (@1 €1, T €1 + ahea + Y1 f1 + Y5 f2) = 212 weea (e, e1) + T125 wsa (e, e2)

+ 219) wstaler, f1) + z1ys wsia(er, f2)-

Now we can finally use the definition of wgq from above. Note that three of the four terms
above are 0:

wstd(e1,e1) = wsta(e1, e2) = wstaler, f2) = 0.
In the remaining term, we know that wgq(e1, f1) = 1. Thus, we have
wstd (1 €1, Ty e + xhea +yy f1 + o f2) = T1y;.

I'll leave it to you to verify the values of the other terms in the initial colorful expression in
much the same way:

wstd (T2 €2, T €1 + 90/2 e + y/1 fi+ yé f2) = 562y§
wsta(y1 f1, Ty e1 + xhea +y) f1 + s f2) = =iy
wstd (Y2 fo, o) e1 + zhea + Yi f1 + yh fa) = —xhys.

Note that in the last two computations, you'll have to use the antisymmetric property of sym-
plectic forms to get

wstd(f1,€1) = —wstaler, f1) = =1 and  wga(f2, e2) = —wstalez, f2) = —1.

Anyway, putting all of this together to return to our original goal of computing wsq (v, w)
where v = (x1, 22, y1,y2) and let w = (2, 25, ¥}, ).
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We have

1 x)
/
xT9 xr
Wstd | = @yl — w) + (g — 2hys). (8.3.1)
1 Y1
Y2 Ys

Unsurprisingly, this the exact same formula that arose in Section 8.2 when we considered the
imaginary part of a complex inner product!

Here is a geometric interpretation of the above formula. In general, you can think about a
symplectic form as a tool that measures a funny kind of “area”, though area can be a mislead-
ing word. Note that the expressions z1y] — 2} y1 and z2y), — z4ys in the above formula are the
usual expressions for the determinants of the matrices

Ty ) and xo b
Y1y Y2 Y

Also recall that a 2 x 2 determinant measures the (signed) area of the parallelogram determined
by the column vectors. Thus, the formula above describes wgq(v, w) in the following way.
Consider the parallelogram spanned by the vectors v and w in R%. Project that parallelogram
onto the (e1, fi)-plane, measure the normal (signed) area, then project the parallelogram onto
the (e2, f2)-plane and measure the normal (signed) area, and that add up these areas. This
gives you w(v, w), the symplectic area of the parallelogram. Below is a very innacurate heuristic
2-dimensional representation of this situation in 4-dimensions.

(e2, f2)-plane

/ / w

v

R4

S —+ (e1, f1)-plane

This can be very different from the normal notion of area! For example, consider the parallelo-
gram spanned by v = (1,0,0,0) and w = (0,1, 0,0). This parallelogram is like a 2-dimensional
unit square sitting in 4 dimensions, and so it has normal area 1. But if you compute using
the formula above, you'll find that the symplectic area of the square is 0! A shape must have
presence in both the position (e;) direction and the paired momentum direction (f;) in or-
der to accumulate symplectic area. For example, the square spanned by v = (1,0,0,0) and
w = (0,0,1,0) has symplectic area 1.

Next, observe that we can write the standard symplectic form on R* in terms of a matrix as
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follows:

x1 ) 0 0 1 0\ /)
Z2 zh, 0 0 0 1]|]|ab
Wstd ) , = (:v 1 T2 WU yz) ,
Y1 Y1 -1 0 0 0 Y1
Y2 yh 0 -1 0 0 Yh

This should also look familiar if you read Section 8.1. Note that the matrix A in the above
expression is skew-symmetric, i.e., AT = —A. This corresponds to the antisymmetry property
in Definition 8.3.1. The matrix is also invertible, which corresponds to the nondegeneracy
condition. In general, for any symplectic form on RY, we can always express it in terms of an
invertible, skew-symmetric matrix!

Proposition 8.3.4. Let (RY,w) be a symplectic vector space. Then w(v,w) = v Aw foran N x N,
invertible, skew-symmetric matrix A.

Proof. The proof extends the idea of the above computation. Define the (i, j)-th entry of A €
Mp N (R) as follows:

Aij = w(ei, (Bj)

where {e1,...,en} is the standard basis of R".

First, we must show that w(v,w) = w” Av for all v,w € RN. Write v = 21| )je; and
w = vaz 1 Wi e; for some scalars Aj, i; € R. Then, using linearity of w in each component, we
have

N N
w(v,w) =w Z)\j €j, Z“i €;

J=1
N N

= E Aj E i w(ej, e;)
7j=1 =1

“(n )

By the definition of matrix multiplication, we have

Zfil wiw(en,e;).

SN piw(er, e) w(er,er) -+ wler,en) i
N j— E ..' E E :Aw-

Zﬁil i w(en, e;). wlen,e1) - wlen,en) LN

Thus, w(v, w) = vT Aw as desired.
Next we verify that A is skew-symmetric and invertible. Because

Aji =w(ej,e) = —w(ei,ej) = —Ajj
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it follows that AT = —A and hence A is skew-symmetric. Next, we show that A has a trivial
kernel. Suppose that there was some vector w € RY such that Aw = 0. Then vT Aw = 0 for all
v € RY, and hence w(v, w) = 0 for all v € RY. By nondegeneracy of w, this forces w = 0, and

hence ker A = {0}. Since A is a square matrix, it must be invertible. ]

Remark 8.3.5. The converse to this proposition is true, and is left as an exercise. Namely, if A
is an invertible, skew-symmetric matrix, then the quantity v Aw then describes a symplectic
form on RY.

As a corollary to the above proposition — well, really as a corollary to the proof — we can
describe the standard symplectic form on R?" via a matrix (not just R, like we did above).

Corollary 8.3.6. Let wyiq be the standard symplectic form on R?". Then wgq(v, w) = vl Jyqw, where
Jsta 18 the 2n x 2n block matrix given by

0 T
Jstd = " " .
_In On

Here, 0,, denotes the n x n zero matrix and I,, denotes the n x n identity.

Proof. By the proof of the previous proposition, we know that the entries of the matrix defining
wsta are given by the values wgiq(€i, €5), wsta(fis f), wsta(€s, f5)), and wsia (fi, €5). We leave it as
an exercise to check carefully that the resulting matrix is Jgq. ]

8.3.2 Properties of symplectic vector spaces

If you read the motivation sections, you may have picked up on the following observation.
In the setting of Hamiltonian mechanics, symplectic forms lived on phase space, which is the
vector space that keeps track of both position and momentum. Because there are two types of
data in phase space, the overall dimension is even. For example, if a particle is flying around
R?3, with 23 position coordinates, then phase space would be R*6 because of the additional 23
momentum coordinates. Likewise, in the section about complex inner products, we naturally
identified symplectic forms on R?", because they came from complex inner products on C".
Again, the underlying vector space R?" is even dimensional. This is no accident, and the forced
even dimensionality of a symplectic vector space is one of the first fundamental consequence
of Definition 8.3.1.

Proposition 8.3.7. Let (V,w) be a symplectic vector space. Then dim V is even.

Proof. To prove this fact, we will appeal to Proposition 8.3.4. Let N = dim V, and let T" : RN —
V be any isomorphism. Define wy : RN xRN 5 R by precomposition of w with 7. That is,
define

wo(v,w) = w(T(v), T(w)) forallv,weRY,

Because T is a (linear) isomorphism, one can easily verify that wy is a symplectic form on RN
(this is an exercise below). Thus, (RY,wj) is a symplectic vector space. By Proposition 8.3.4,
we may write

wo(v, w) = vT Aw
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for some N x N skew-symmetric, invertible matrix.
Note that
det A = det(AT) = det(—A) = (—1)" det A.

Since A is invertible, det A # 0 and so we can divide to get 1 = (—1)". It follows that N must
be even. ]

This is the first significant difference in the theory of symplectic forms compared to that
of inner products. Inner products exist in all dimension (roughly, because an inner product
corresponds to an invertible symmetric matrix, rather than an invertible skew-symmetric matrix),
while symplectic structures exist only in even dimensions.

Next, let’s continue to investigate the notion of nondegeneracy in Definition 8.3.1. In the
previous subsection, we saw that we could interpret the nondegeneracy condition on R as the
statement that the corresponding matrix skew-symmetric matrix A is invertible. On the other
hand, we can intuitively think of a symplectic form as describing a natural pairing between
certain “position” directions and corresponding “momentum” directions, though of course
this is just a metaphor in an abstract symplectic vector space. Given a nonzero vector v € V, if
you interpret it as a “position” vector then the corresponding vector w € V in (3) of the above
definition roughly represents a corresponding momentum direction.

We can alternatively think about nondegeneracy for a more abstract perspective. Recall the
definition of the dual space of a vector space V:

V*={f:V —=R] fislinear }.

In words, V* is the space of all linear maps V' — R. Also recall that if V' is finite dimensional,
then V and V* are isomorphic vector spaces (they have the same dimension). Much like an
inner product, nondegeneracy of w can be viewed as a natural isomorphism between V' and
%

Proposition 8.3.8. Let (V,w) be a symplectic vector space. For any v € V, define f, : V. — R by
fo(w) == w(v,w) forall w € V. Then the map

oV -V

defined by ®(v) := f, is an isomorphism.

Proof. Because dim V' = dim V'*, to prove that ® is an isomorphism it suffices to prove that ®
is injective. Suppose that ®(v) = 0. Here, 0 € V* is the zero map 0 : V' — R. This means that
fv =0, and hence f,(w) = 0 for all w € V. It follows that

w(v,w) =0

for all w € W. By nondegeneracy of w, it must be the case that v = 0, for otherwise there would
be some w € W such that w(v, w) # 0. Thus, ® is injective, as desired. O

I want to describe why this proposition is so important in the context of symplectic geom-
etry and Hamiltonian mechanics, but it is a bit difficult to do so without appealing to some
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other concepts in math that we have not discussed in these notes. If you have taken multi-
variable calculus at a fairly rigorous level (where you understand the derivative as a linear
transformation — see, for example, [ ], or my notes [ I) then you might find this
remark interesting. Otherwise, feel free to skip the following remark.

Remark 8.3.9. To emphasize one perspective of the above proposition, it says that if you pick a
linear functional on V' (i.e., alinear map f : V' — R) then there is an associated vector v € V that
corresponds to that functional via the symplectic form. For the moment, let V = R?". Recall
thatif H : V — R is any function (not necessarily linear), then the derivative D,H : V — Ris
a linear map for all p € V. Thus, one way generate a whole family of linear functionals on V' is
by picking any differentiable function H : V' — R and considering the derivative at each point
in V. By the above proposition, for each of the linear functionals D,H : V' — R there is an
associated vector Xy (p) € V. This is exactly what I called the symplectic gradient in Section 8.1!
Collecting all of these vectors for all points p € V' gives us a vector field Xy on V. This vector
tield is the symplectic gradient vector field or the Hamiltonian vector field of the function H. If you
interpret the function H : V' — R as an energy function on the phase space V/, then the vector
tield Xy given by the above proposition is the vector field that determines the dynamics of the
resulting system of Hamiltonian mechanics. Describing Hamiltonian mechanics this way in
abstract symplectic geometry turns out to be be very powerful, and the previous proposition
is what makes this formualtion possible.

8.3.3 Symplectic forms induce volume measurements

An important property of symplectic vector spaces that I want to describe in this section is
related to volume measurement. I discussed above that a symplectic form can be thought of
as a tool that measures a funny kind of “area”, a two-dimensional quantity. This area — what
I called symplectic area — is in general not the same as the usual notion of area. However,
a symplectic form does give you a natural way to measure volume in the normal sense. To
be clear, when I say “volume” I mean something like a 2n-dimensional hypervolume, where
dim V = 2n. This is the same kind of “volume” that a determinant measures. Indeed, recall
that that if vq,...,v2, is a set of 2n vectors in a 2n-dimensional vector space V' = R2" the
quantity
det(vy, ..., v2,)

measures the “volume” of the hyperparallelepiped spanned by the vectors. In terms of matri-
ces, this would just be the determinant of the matrix whose columns are the vectors vy, . .., va,.
I claim that symplectic forms can be used to measure this kind of volume.

Describing this in general requires a bit more algebra than we’ve developed in this chapter,
so I'll show you a specific instance of the idea in the case of R*. If you want to know more about
the general algebraic machinery that goes into this, check out Chapter 7. For the moment,
consider the vector space R* and let w be any symplectic form (not necessarily the standard
one). In words, w is a function that eats fwo vectors in R* and spits out a funny symplectic
area measurement of the parallelogram spanned by those two vectors. I'm going to define a
new function called w A w, which eats in four vectors. You can think about w A w as being a
funny kind of “product”, where we are taking w “times” itself. But as you'll see, it will be more
complicated than a normal product.

165



Definition 8.3.10. Let V = R*, and letw : V x V — R be a symplectic form on V. Define a new
function
WAw: VXV xVxV—SR

by the following formula. For v1, v, v3,v4 € V, set
(w A w)(vy,v2,v3,04) := w(vy, v2)w(vs, v4) — w(v1, v3)w(vVe, v4) + w(v1, v4)w(V2, V3).

The punchline of this subsection is that this new function w A w is actually just the deter-
minant (well, possibly a scalar multiple of the determinant) in disguise! Hence, w A w is a tool
that measures normal (scaled, possibly negative) volumes in a vector space.

Theorem 8.3.11. Let V = R*, and let w : V x V — R be a symplectic form on V. Then
wAw=C det

for some C # 0. Moreover, wgq N\ wstg = — det.

Proof. We will prove this theorem by appealing to Theorem 6.2.1. In particular, recall that the
determinant satisfies the property that it is the unique (up to a scalar) multilinear, alternating
map V x V x V x V — R. Thus, to prove the first part Theorem 8.3.11 it suffices to show that
w A w is multilinear and alternating.

First, we verify multilinearity. We will only explicitly verify additivity in the first com-
ponent, and will leave the rest of the verification (which is identical) as an exercise. Let
v1, v}, v, v3,v4 € V. Then

(WA w) (v + v, v2,v3,v4) = w(vy + v, v2)w(vs, v4)
— w(v1 + v, v3)w(va, va)

+ w(v1 + v, va)w(va, v3)

w(v, ve)w(vs, vg) + w(v], ve)w(vs, v4)
— w(vi,v3)w(v2, va) — w(vy, v3)w(va, va)
+ w(vl y /04)(,0(1)2, /03) + w(v’l, ’U4)w(’l)2, ’Ug)

= (wAw)(v1,v2,v3,v4) + (WA w)(V], v2,v3,v4)

as desired. The other multilinearity properties are similar.
Next, we verify that w A w is alternating. Again, we will only do so explicitly for one swap.
That is, we will show that

(wAw)(v1,v2,v3,v4) = —(w Aw)(ve,v1, V3, V1)
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and leave the rest of the similar verification computations as an exercise. Note that

(w A w)(vg,v1,v3,v4) = w(va, v1)w(vs, vg)
— w(vg, v3)w(v1, v4)
+ w(ve,v4)w(vy, v3)
= —w(v1, v2)w(vs,v4)
— w(vy, vg)w(ve, v3)
+ w(v1,v3)w(va, v4)
= — [w(vy, v2)w(vs, vg) — w(vy, v3)w(va, vg) + wW(vy, vg)w(V2, V3)]

= —((JJ A W)(U17U27U37U4)

which gives the desired alternating property. The other swaps are similar.

Thus, w Aw is a multilinear, alternating map. By Theorem 6.2.1 and its immediate corollary,
it follows that w Aw = C' det for some C € R. The fact that C' # 0 follows from nondegeneracy;
the details are left as an exercise.

Finally, we verify that wsq A wstg = —det. To do this, by the corollary of Theorem 6.2.1
it suffices to prove that (wsta A wsed) (€1, €2, f1, f2) = —1, where {ey, e2, f1, f2} is the standard
basis. We have

(wstd A wstd)(e1, €2, f1, f2) = wsta(e1, e2)wsed (f1, f2)
— wstd(e1, f1)wsea(e2, f2)
+ wsta(e1, f2)wsta (e, f1)
=0-0—-1-14+0-0
— 1.

This completes the proof. O

8.3.4 The cotangent symplectic vector space

Finally, in this subsection I want to describe a way to build a symplectic vector space starting
with any real vector space, and thus gives us a way to build a million examples of symplectic
vector spaces.

Theorem 8.3.12 (Contangent symplectic vector space construction). Let W be a real vec-
tor space of dimension n € Zx1. Consider the product vector space W x W*, where W* =
{f: W — R| fislinear} is the dual space of W. Define weot : (W x W*) x (W x W*) - R
by

weot (v, f); (w,9)) := g(v) = f(w).

Then weoy is a symplectic form and hence (W x W*, weot ) 1s a symplectic vector space of dimension
2n, called the cotangent vector space of W.
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Proof. First, we verify that weot is antisymmetric. Note that

weot (0, 9), (v, f)) = f(w) = g(v) = =(9(v) — f(w)) = weor (v, f), (w,9)) -

Next, we verify multilinearity. We do this explicitly for additivity in the first component and

leave the rest of the verification as an exercise. Note that

Weot, (v, f) + (W', 1), (w,9)) = weot (0 + V', f + f7), (w,g))
=g(v+2") = (f + f)(w)
—q(v)+(1(v)— f(w) = f'(w)
= [g(v) = f(w)] + [9(v) = f'(w)]
= Weot ((v, f) (w 9)) + Weot ((?/ /), (w,g)) .

Finally, we leave nondegeneracy as an exercise. In particular, see Exercise 5. O
Exercises

1. Prove that if w is a symplectic form, then w(v,v) =0 forallv € V.

2. Let A be an 2n x 2n invertible, skew-symmetric matrix. Prove that w(v, w) := v Aw is a
symplectic form (this is the converse to Proposition 8.3.4). Determine if o’ (v, w) = w? Av
is also a symplectic form.

3. Verify that wg as defined in the proof of Proposition 8.3.7 is in fact a symplectic form.
That is — to state the problem a bit more generally — let (W, w) be a symplectic vector
space, and let V be a vector space isomorphic to W. Let 7' : V' — W be any isomorphism.
Prove that

wo(v,w) :=w(T(v), T(w)) forallv,w eV
defines a symplectic form on V.

4. Let w be a symplectic form on R%. Prove that w A w as in Theorem 8.3.11 is not the zero
map.

5. Let W be any real vector space and let (W x W*, w1 ) be the cotangent symplectic vector

space. Prove that wct is nondegenerate in the following steps below.

(a) Let {wy,...,wy,} be any basis for W. Define the dual basis of W* in the usual way:
For each j, let w;f : W — R be the linear map defined by

. 1 i=j
wiw) =4 "7
0 i#y
and extend by linearity. Prove that
{(w1,0),...,(wn,0),(0,w]),...,(0,w)}
is a basis of W x W™*.
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(b) Prove that weet ((wj, 0), (O,W;)) =1

(c) Prove that wet is nondegenerate.

8.4 Symplectic linear transformations

In Part I, we introduced vector spaces, and after studying some of their basic properties we
proceeded to study their transformations in Chapter 3. This is in line with a general them in
mathematics that I've mentioned, which is that it is fruitful to study the transformations of
an object in order to study the object itself. In the case of vector spaces, this amounted to the
study of functions T': V' — W where V' and W were vector spaces. However, we didn’t want
to just study any such function — we specifically wanted to study functions that respected
the underlying structure of vector spaces. This led to the definition of a linear transformation.
These are precisely the functions between vector spaces that respect the underlying vector
space structure. We want to do the same thing for symplectic vector spaces. That is, given
symplectic vector spaces (V1,w;) and (Va,ws), we want to consider special kinds of functions
T : (V,wi1) = (V2,ws) that respect the structure of the symplectic vector space. By studying
such functions, we will learn much more about what it means to be symplectic in general.

What should it mean for a map 7' : (V,w1) — (V2,w2) to “respect the structure of the
symplectic vector space”? Well, we are still dealing with vector spaces, so we will still require
T to be linear. But we also have symplectic forms to consider now. The correct notion of
“respecting the symplectic structure” is given by the following definition.

Definition 8.4.1. Let 7' : (V,w1) — (V2,w2) be a map between symplectic vector spaces. We
say that T is a linear symplectic transformation if T is linear and if

w1 (v, w) = wa(T(v), T(w))

forallv,w € Vi. f T : (Vi,w1) = (Va,ws) is a linear symplectic transformation which is also
an isomorphism, we say that 7" is a symplectomorphism and we say that (Vi,w;) and (Va,ws)
are symplectomorphic vector spaces.

Remark 8.4.2. The word symplectomorphism is objectively the coolest word in all of math. In fact,
this is the main reason why I became a symplectic geometer!

It is worth investigating this definition a bit more, because the condition
wi (v, w) = w2(T'(v), T(w))

can take a bit of time to absorb. In words, it says that if you precompose the symplectic form

wo with T', you actually get w;. In succinct notation, we could® also write w; = weoT. In picture

form, we could consider the following diagram:”

°T will not use the notation or verbiage here, but it is more standard to call w; the pullback of w> by T', and to
write w; = T"ws. If you pursue more math, you will undoubtedly come across this notion.

7If you're a more advanced mathematician and you're reading this, I know the diagram is a bit bogus — the
domain of w; is not Vj, it’s V; x V;. It’s only meant to be a helpful picture, not necessarily a literal commutative
diagram.
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R
o w

i T> Vs
Starting at V;, we can feed vectors v, w € V; to w; to spit out a real number. Alternatively, we
could take the same vectors, first feed them to 7' — which takes them to V5 — and then feed
the output to wy. This would give us a real number. A symplectic transformation is one such
that you get the same number each way! In other words, a symplectic transformation is one
that allows you to go from V; to R in the above picture in any which way you want.

To compare this definition with one from the world of inner product spaces, recall that a

transformation 7" : (V4, (-,-);) — (V2, (,-),) between two (real, for now) inner product spaces
is orthogonal if

(v, 0); = (T(v), T(w)),

for all v,w € Vj. This is the exact analogue of a symplectic transformation. An orthogo-
nal transformation “preserves the inner product structure” in exactly the same way that a
symplectic transformation “preserves the symplectic structure.” In other words, orthogonal
transformations preserve notions from our normal understanding of geometry, like length and
angle. Likewise, symplectic transformations preserve notions from the bizarre world of sym-
plectic geometry.

Let’s look at some concrete examples and non-examples of symplectic transformations to
get a feel for what they are, and then we will prove some general properties about them.

Example 8.4.3. Let (V, w) be a symplectic vector space. The identity transformation Iy : V' — V
is clearly a symplectic linear transformation, since w(v, w) = w(ly (v), Iy (w)) for all v,w € V.
Since the identity map is an isomorphism, it is in fact a symplectomorphism.

Example 8.4.4. Consider (R?, wyq). Define a linear transformation 7' : R* — R by T'(v) = Av,
where A is the following 4 x 4 matrix:

o O O N
o O we O
S N OO
w O O O

We claim that T is a symplectomorphism of (R, wq) to itself. The matrix A is clearly invertible
and so 7' is an isomorphism. Thus, it suffices to show that 7" is a symplectic transformation,
i.e.,

wetd (v, w) = wgea(T'(v), T(w))

for all v,w € R% To do this, we will use Equation (8.3.1). Let v = (71, 22,¥1,%2) and w =
() xh, yy,v5). Recall by (8.3.1) we have

wstd (v, w) = (1) — 2hy1) + (2ayh — 2hys).
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We have

20 0 0\ [z X3
1 - 1
T(’U)Z 0 3 0 0 xTo _ 31?2
00 2 0f]|w 2u1
0 0 3/ \uyo 3y
and
20 0 0\ /2 s
0 L 00 ! Lot
T(w) = 3 :c/z = “I/Q
0O 0 2 0 Y1 2y1
0 0 3/ \wh 3yh

Thus, again using (8.3.1)

1 1 1 1
wetd (T (v), T(w)) = (21‘1 2y — 51"1 . 2y1> + (31’2 -3y — 51‘/2 . 3y2>

= (219} — 2191) + (22w — T3Y2)

= wgtd (v, w).

This verifies that 7" is a symplectomorphism.

This example is indicative of some general properties of symplectic transformations. Con-
sider the behavior of the above symplectomorphism when restricted to the (e, fi)-plane —
that is, the first and third coordinate — and the (ez, f2)-plane — the second and fourth coor-
dinate. In the (ey, f1)-plane, the e;-direction direction is contracted by a factor of %, and the
fi-direction is expanded by a factor of 2. This was necessary to preserve the symplectic struc-
ture, and you can see this in the computation above. If you scale the first coordinate by 1, you
need to compensate in the third coordinate with a factor of 2. The same thing happens in the
(e2, f2)-plane, where a contraction by 1 in the eo-direction is compensated for by an expansion
by 3 in the fy-direction.

Another way to describe this phenomenon is using the perspective of position and mo-
mentum. As we have seen, the symplectic form exhibits a kind of duality between position
and momentum, and the above example suggests that if you squeeze position, you have to
expand in the momentum direction, and vice versa. Yet another way to describe this principle
is in terms of symplectic area, for which it may be helpful to reference the discussion in 8.3.1.

A symplectic transformation must preserve symplectic area!

Example 8.4.5. Consider (R*, wgq). Define a linear transformation 7' : R* — R* by T'(v) = Av,
where A is the following 4 x 4 matrix:

S O O
oS O N O
o N o O
N O O O

Although T is a linear isomorphism, it is not a symplectomorphism.® Heuristically, the trans-

8ust to introduce some more fun terminology that we won’t discuss — 7 is not a symplectomorphism, but it is
a conformal symplectomorphism!
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formation scales both position and momentum directions by 7, and thus will not preserve
symplectic area. Indeed, one can verify that

Wstd (T(U)7 T(w)) = 49 wytq (U, w)

forallv,w e V.

In general, these examples suggest that the property of “respecting the symplectic struc-
ture” is a fairly strong one. This is evident by the following proposition, which is the analogue
of the fact in inner product spaces that orthogonal transformations are always injective.

Proposition 8.4.6. Let T' : (Vi,wi) — (Va,w2) be a symplectic linear transformation. Then T is
injective. In particular, dim Vi < dim V5.

Proof. Let T : (V1,w1) — (V2,w2) be a symplectic linear transformation, and suppose that
T'(v) = 0. Then for all w € V}, since T'(v) = 0 we have

The second equality follows from the fact that 7" is a symplectic transformation. By nondegen-
eracy of wy, the fact that wy (v, w) = 0 for all w € V implies that v = 0. Thus, T’ is injective. [

An important fact in linear algebra is that every finite dimensional vector space (over a
given field) is isomorphic. In fact, this is one of the major punchlines of abstract linear algebra.
In the world of inner product spaces, it is also a fact that all inner product spaces of a fixed
dimension are “isomorphic as inner product spaces”, i.e., given any two inner product spaces
(V1,(-,-);) and (Va, (-, -),) of the same dimension, there is an orthogonal isomorphism 7" : V' —
V. This essentially follows from the fact that every inner product space has an orthonormal
basis via Gram-Schmidt. In the symplectic setting, the situation is the same: every symplectic
vector space admits a “standard symplectic basis”, which is the analogue of an orthonormal
basis, and therefore all symplectic vector spaces of a fixed dimension are symplectomorphic.
This is made precise by the following theorem.

Theorem 8.4.7. Let (V,w) be a symplectic vector space with dimV = 2n. Then (V,w) is sym-
plectomorphic to (R?", wgq).

Remark 8.4.8. The proof of this theorem is fairly involved, but it is a first witness to a number of
concepts that we will talk about in the future (symplectic orthogonal complements, symplectic
subspaces, standard symplectic bases, symplectic projections, etc).

Proof. We will prove Theorem 8.4.7 by finding a basis {vi,...,v,, w1, ..., w,} of V such that
vi,vj) =0  foralli,j

wi,wj) =0 foralli,j

(
(
. (8.4.1)
w(vi,w;) =0 foralli # j
(

w(v;,w;) =1 foralls
9 (3



Indeed, suppose that we have identified such a basis. Then define 7" : V' — R2" by T'(v;) = e;
and T'(w;) := f;, and then extend by linearity, where {ei,... ey, f1,..., fo} is the standard
basis as described in 8.3.1. Since 7" maps a basis onto a basis, it is clearly invertible. Moreover,
since

wstd (T'(v3), T'(wy)) = wetales, f5) = w(vi, w;)

for all i, j by construction of the basis {v1,..., vy, wi,...,wy,}, and likewise all other combi-
nations of basis vectors, it follows by multilinearity of the symplectic forms that w(v,w) =
wetd (T'(v), T'(w)) for all v, w € V. Thus, T is a symplectomorphism, as desired.

Therefore, it does indeed suffice to find a basis of V' satisfying (8.4.1). We will do this by an
analogue of Gram-Schmidt, and we will proceed by induction on n. First, note that the base
case n = 0 (when V' = {0}) is trivial.

For the inductive step, suppose that for some & > 0, for any symplectic vector space of
dimension 2k we can find a basis {vi,..., v, wi,...,wy} satisfying (8.4.1). Let (V,w) be a
symplectic vector space of dimension 2(k + 1) = 2k + 2. Pick any nonzero vector v; € V.
By nondegeneracy of w, there exists a vector wy € V such that w(vi,w;) = 1. Let W; =
Span(vy, wy).

Next, we will define a different subspace of V" as follows. Let

Wy :={veV|w(,v)=0andw(w,v) =0}

Note that Wy = ker ®(v1) Nker ®(w;), where ®(v;), ®(wq) : V' — R are as in Proposition 8.3.8,
and thus W is indeed a subspace. We make two further claims about W5.

Claim 1: V = W, & W. To prove this, we need to show that W; N Wy = {0} and that V' =
Wi + Ws. First, suppose that v € Wy N Ws. Because v € Wi, we have v = a vy + bw, for some

a,b € R. Because v € Wy, we have w(vy,v) = w(wy, v) = 0. This implies
0 =w(vi,av; +bwy) = aw(vy,v1) + bw(vy,wy) = b.

The identical computation with w; shows that a = 0, and so v = 0. This implies W; "W, = {0}.

Next, let v € V. Define 9 := w(v, w;) v1 + w(vy,v) wy, and let v+ = v — ©. Note that o € W,
and that v = ¢ + v™. Thus, to finish the proof of Claim 1 it suffices to show that vt € Ws. Note
that

w(vy,v™) = w(vy,v — D)
= w(v1,v) — w(vy,0)
= w(v1,v) — w (v1,w(v, wr) vy + w(vy,v) wi)
= w(v1,v) — w(vy, v)w(vy, wy)
= w(v1,v) — w(vy,v)
=0.
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Similarly,

w(wy,vt) = wlwy, v — 9)
= w(wy,v) — w(w, D)
= w(wi,v) — w (w1, w(v,wr) vy +w(vi,v) wy)
= w(wy,v) — w(v,w;)w(wy,vr)
= w(wi,v) + w(v,w;)

This verifies that v € Wy. Thus, V. = Wy + Ws, and since Wi N Wo = {0} it follows that
V =Wi ® Wos.

Claim 2: (W3, w) is a symplectic vector space. In other words, this claim says that w restricts

to a symplectic form on the subspace W5. The antisymmetry and multilinearity properties
immediately follow from those of w on V/, so it simply remains to prove that w is nondegenerate
on Ws. Let v # 0 € W3. We need to find a w € W; such that w(v, w) # 0. By nondegeneracy
of wonV, there is a w’ € V such that w(v,w’) # 0. Because V = W; & W> by Claim 1, we can
write w’' = W + w where w € W1 and w € Ws. Note then that

w(v,w) = wv,w) +wv,®) = wlv,w) #0.

Thus, w is nondegenerate on W5 and hence (W3, w) is a symplectic vector space.

With these two claims, we can now finish the inductive step of the proof. Since V= W; &
Wy, it follows that dim Wy = dimV — dimW; = (2k + 2) — 2 = 2k. Since (Ws,w) is a 2k-
dimensional symplectic vector space, by the inductive hypothesis there is a basis

{’UQ,. ey U, Wa, ... ,wk}
satisfying (8.4.1). Adding in v; and vy from W then gives a basis {v1, va, ..., vk, w1, wo, ..., wk}
of V satisfying (8.4.1), and we are done. O

8.4.1 Symplectic matrices

In linear algebra, we study abstract linear transformations 7' : V' — W between vector spaces.
In the finite dimensional case this is more or less equivalent to the study of matrices via the
study of coordinates. The nicest types of linear maps are isomorphisms, because these let us
classify vector spaces by their dimension. Invariably, we end up being interested in only the
invertible linear maps from R" to itself, as all finite dimensional vector spaces are isomorphic
to some R". This leads to the study of the invertible matrices:

GL(n):={A € M,(R) | Aisinvertible }.

An alternative way of describing GL(n), the set of invertible matrices, is as the set of matrices
satisfying the condition det A # 0.
Similarly, in the world of (say, real) inner product spaces we become interested in the matri-
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ces that correspond to invertible orthogonal (inner product preserving) transformations. These
matrices are the orthogonal matrices:

O(n) == { A € M,(R) | Ais orthogonal }.

It turns out that preserving the inner product is equivalent to the condition that ATA = I =
AAT. The study of orthogonal matrices is an important one, and leads to interesting theorems
like the

We would like to pursue the same program in the symplectic setting. That is, we want to
adopt a matrix-centric study of symplectomorphisms. Theorem 8.4.7 shows that all symplectic
vector spaces are isomorphic to (R?", wgq), so it suffices to study symplectomorphisms 7 :
R2" — R?"; that is, invertible linear maps 1T : R2" — R2" satisfying

wstd(T<U)a T(w)) = wStd(U7 w)

for all v,w € R?". BEvery such symplectic transformation is given by multiplication by some
matrix A. Thatis, T'(v) = Av for some A € My, (R). The symplectic condition above then reads

wetd (Av, Aw) = wgq (v, w)

for all v,w € R?". Next, recall by Corollary 8.3.6 that wgq(v, w) = vl J4qw, where Jyq €

0, I
Jstd = ( n> .
_In On

Thus, we can further reformulate the symplectic condition as

M>,(R) is given by

(AU)TJStd(AU)) = vT Jgqw

and thus v* (AT JyqA)w = v Jgqw for all v, w € R?™. Thus, it must be the case that A7 J;qA =
Jstq. This leads us to the main definition of this subsection.

Definition 8.4.9. A symplectic matrix is a 2n x 2n matrix A € Ma, (R) satisfying AT JyqA =
Jsta- The symplectic group, denoted Sp(2n) is the set of all symplectic matrices:

Sp(2n) = { A € Ma,(R) | AT Jga A = Jgsa }-

As is hopefully clear from the preceding discussion, you should think about symplectic
matrices as being the matrix analogue of abstract symplectomorphisms. I'll also emphasize
that the condition AT J4qA = Juq is the symplectic analogue of the orthogonal condition
ATA=AAT =1.

Even though abstract linear algebra is elegant and all-encompassing, it is useful to study
matrices because they are concrete and they make it easier to discover properties of the corre-
sponding abstract transformations. An example of this is given by the following proposition.

Proposition 8.4.10. Let A € Sp(2n) be a symplectic matrix. Then det A = 1. In particular, A is
invertible. Moreover, A~ = — J4q AT Jyq.
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Proof. First, we remark that it is actually surprisingly difficult to prove that det A = 1. How-
ever, it is easy to prove that det A = +1. Indeed, by properties of the determinant, since
AT J4qA = Jyq it follows that

det(ATJstdA) = det Jstq

and hence
det AT det Jyq det A = det Jq.

Next, we claim that det Jiq # 0. Indeed, one can compute that that JSQtd = —I5,, and so
(det Jsa)? = (—1)?" = 1. It must be the case that det Jyq # 0. Then dividing the preceding
equality by det Jsq gives (det A)? = 1, since det AT = det A. Thus, det A = 1. Proving that,
in fact, det A = 1, is fairly challenging and is left to Exercise 6.

Since det A # 0, A is invertible. Note that

A(*JstdAT']std) — (A(*Jst(l)AT)*]std — (ATJstdA)TJstd - Jgrjd']std — IQn'

This implies that A1 = — Jyq AT Jq, as desired. O

Remark 8.4.11. The fact that the determinant of a symplectic matrix is 1 tells us that symplec-
tomorphisms not only preserve symplectic area, but they also preserve the usual notion of
(hyper)volume.

There are many more interesting things that can be said about symplectic matrices. If you
find this interesting, I suggest consulting [ ]. Some of the exercises below also offer a
glimpse at more interesting properties of symplectic matrices.

Exercises

1. For each of the following 4 x 4 matrices A, determine whether the map 7" : (R*, wytq) —
(R*, wyiq) defined by T'(v) = Av is a symplectomorphism. Try answering the question
based heuristically first, and then verify your answer with computations.

(a)
2.0 00
Azogoo
0010
0007
(b)
4000
q_|0 400
0040
000 4
()
8 0 00
A:og?o
0010
000 8
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(d)

2010
A:0101
5 0 3 0
0 3 0 4

2. Defineamap T : (R?, wgq) — (R*, wsta) by T'(v) = Av, where

S = =N
e =

Is T'is a symplectic transformation? Can you heuristically explain why or why not? Is it
a symplectomorphism?

3. Defineamap 7 : (R?, wgq) — (R*, wstq) by T'(v) = Av, where

S O O N
S NN O O

Is T'is a symplectic transformation? Can you heuristically explain why or why not? Is it
a symplectomorphism?

4. Defineamap T : (R* wgq) — (R%, wsiq) by T'(v) = Av, where

A:lOOO,
0010

Is T is a symplectic transformation? Can you heuristically explain why or why not? Is it
a symplectomorphism?

5. Prove that a 2 x 2 matrix A is symplectic if and only if det A = 1. Give an example to
show that this is not true in higher dimensions.

6. In this exercise I will walk you through a proof of the fact that if A is a symplectic matrix,
then det A = 1. This is an interesting elementary proof that is due to [ ]. Let A €
Spn(2n) be a symplectic matrix.

(a) Prove that the matrix AT A has positive, real eigenvalues.
[Hint: Referencing the theory in Chapter 5 would be helpful.]

(b) Prove that the matrix AT A + I,,, has real eigenvalues that are all > 1. Conclude that
det(ATA + Ip,) > 1.

[Hint: Diagonalize AT A as AT A = PDP~" and note that I, = PP~ 1]
(c) Prove that AT A + I, = AT(A — JsqAJsta)-
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(d) Let Aj, Ag, A3, Ay € M, (R) be matrices defined so that
Ao (A A2
As Ay

A1 +Ay Ay — Aj
—As + A3 Ay + Ay

Prove that
A— JstdAJstd = (

(e) Next, we will cleverly do a block-diagonalization process that involves introducing
complex numbers. Let C' + Ay + Ay and D = Ay — As. Prove that

gy L (L Lo\ (c+iD 0\ 1 (1 il
stdstd = U5 \in,  —il, o c—in)v2\1, —i, )"

(f) Use (c) and (e) to prove that
det(ATA + Ip,) = (det A)| det(C +iD)|%

[Hint: Recall that the determinant of a block-diagonal matrix is the product of the determi-
nants of the blocks, and recall that |z|?> = 2 Z for z € C.]

(g) Use (b) and (f) to conclude that det A > 0 and hence det A = 1.

7. Prove that Jyq is a symplectic matrix.

8. Prove that if A, B are symplectic matrices, then AB is a symplectic matrix. Likewise,
prove that if A4 is a symplectic matrix, then A~ is also a symplectic matirx.”

9. This exercise describes a way to generate all possible symplectic matrices.

(a) Prove that any matrix of the form

where G € GL(n) is any invertible matrix is a symplectic matrix. Roughly, these
types of matrices describe all the transformations of a symplectic vector space that
transform the position coordinates in some invertible way (multiplication by G),
and then compensate for this by transforming the momentum coordinates in the
“opposite” way (multiplication by (GT)~!). This kind of an operation preserves the

symplectic area.
(b) Prove that any matrix of the form
B I, S
0, I,

“For those in the know, this roughly proves that Sp(2n) is a group.
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where S € M, (R) satisfies ST = S is a symplectic matrix. These matrices describe
a position-momentum shearing of sorts. For example, multiplication on R? by the

o)

is a shear in the horizontal direction. It maps the unit square to the parallelogram

2 x 2 matrix

spanned by (1,0) and (2, 1). Note that shearing operations in R? are area-preserving.
The matrices of the form B are symplectic shears that preserve the symplectic area.

(c) Using the previous exercises, it follows that if you multiply matrices of the form A
above, B above, and Jyq, you get more symplectic matrices. It turns out that all
symplectic matrices can be formed this way! I think this is difficult to prove, but try
it if you want a challenge!

8.5 Special subspaces

One of the interesting features of a symplectic vector space is the presence of interesting kinds
of subspaces. That is, subspaces that “behave” differently or “look” differently from the point
of view of the symplectic form. This is in contrast to general vector spaces, where all subspaces
essentially “look” the same. Even in inner product spaces, there is no inherent property of
certain subspaces that distinguish them from other; all subspaces look the same. This is very
much not the case in the symplectic world. There are four very special kinds of subspaces in
a symplectic vector space: isotropic subspaces, coisotropic subspaces, Lagrangian subspaces, and
symplectic subspaces.

To define these subspaces, we first need to introduce the notion of the symplectic orthogonal
complement. This is the analogue of the usual orthogonal complement in the world of inner
product spaces. Before I define the symplectic orthogonal complement, let me remind you
of the usual orthogonal complement so that you can see the obvious parallels. For a subset
S C (V,(,-)) of an inner product space, the orthogonal complement of S is the set

St={veV]| (vs)=0forallse S}

In words, S+ is the set of vectors which are perpendicular to every element of S, where per-
pendicularity is detected by the vanishing of the inner product. In the symplectic world, we
have the following definition.

Definition 8.5.1. Let (V,w) be a symplectic vector space, and let S C V be any subset. The
symplectic orthogonal complement of S, denoted S¥, is the set

SY:={veV|w(,s)=0forallseS}.

We have actually already seen and worked with an instance of the symplectic orthogonal
complement, though I didn’t use this language at the time. In the long inductive proof of
Theorem 8.4.7, we initially defined the subspace W; = Span(v;, w;) and then defined

Wy ={veV]|w,v)=0andw(wy,v) =0}
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Note that W5 = {vy, w1 }*, from which it follows that Wy = W{. In words, the subspace W»
was defined to be the symplectic orthogonal complement of W;!

Though the definition of the symplectic orthogonal complement is in complete analogy
with the usual orthogonal complement in inner product spaces, its behavior is actually very
different. For example, in an inner product space, it is always the case that W+ nW = {0}.
Even more, it is always true that W@ W = V. This is very much not the case in the symplectic
world. Here is an example to demonstrate this.

Example 8.5.2. Consider the standard symplectic vector space (R*,wgq) with standard sym-
plectic basis {e1, e2, f1, f2}. Let W = Span(ey, ez, f1). We claim that W* = Span(ez). In partic-
ular, W« C W. That is, the symplectic orthogonal complement of W is contained in W.

To verify this, first, note that

wstd(627 61) - wstd(€27 82) - Wstd(e27 fl) =0.

This implies that wgiq(e2, w) = 0 for all w € W, and so Span(ez) C W¥. On the other hand,
suppose that v € W¥. Write
v=ae; +bey +cfi+dfs

for some constants a, b, ¢, d € R. The fact that wsq(v, 1) = 0 then implies that

0= Wstd(’t’7€31)
=wgd(aer +bex +cfi+dfa,e1)
= awsd(e1,e1) + bwsia(ez, e1) + cwsea(f1, e1) + dwsea(f2, €1)

= —C.

Thus, ¢ = 0. We leave it as an exercise to similarly show that d = a = 0 using the conditions
wetd (v, €2) = westd(v, f1) = 0. Thus, v = bez and so v € Span(ez). This verifies that W* =
Span(ez) C W.

The following definition identifies four important kinds of subspaces, based on their inter-
action with the operation of taking the symplectic orthogonal complement.

Definition 8.5.3. Let (V,w) be a symplectic vector space, and let W C V be a subspace.
(1) The subspace W is isotropic if W* O W.
(2) The subspace W is coisotropic if W« C W.
(3) The subspace W is Lagrangian if W* = W.
(4) The subspace W is symplectic if W« N W = {0}.

I'll begin by describing the canonical examples of these types of subspaces in the standard
symplectic vector space. Later, we will prove a major theorem (Theorem 8.5.10) that gives us
an equivalent way to understand each of them.

Example 8.5.4 (Standard isotropic subspaces). Let (R2", wyq) be the standard symplectic vector
space with standard symplectic basis {e1,...,en, f1,..., fn}. The standard example (not the
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only one!) of an isotropic subspace is
W = Span(eq, ..., ex)
for some k < n. Indeed, one can check as an exercise that

W = Span(ela .. 'aeTL?fk‘-i-lv' . 7fn)

and hence W C W*. In words, this is an example of a subspace that only contains position
directions. Because it only contains position directions, all other position directions — and a
handful of non-corresponding momentum directions — kill off everything in the subspace.

Example 8.5.5 (Standard coisotropic subspaces). Let (R?", wyq) be the standard symplectic
vector space with standard symplectic basis {e1, ..., en, fi,..., fn}. The standard example (not
the only one!) of a coisotropic subspace is

W = Span(ela" . 7€n7fk+17-~~7fn)

for some k < n. Indeed, one can check as an exercise that
W< = Span(ey,...,ex)

and so W* C W. In words, this is an example of a subspace that contains all position directions
and some of the corresponding momentum directions. Because it only contains some of the
momentum directions, there are some position directions (e, . . ., ex) that kill off everything in
the subspace. Note that this coisotropic subspace is exactly the symplectic orthogonal comple-
ment of the isotropic subspace in the previous example, and vice versa. This is no accident!
See Corollary 8.5.9.

Example 8.5.6 (Standard Lagrangian subspaces). Let (R*",wgq) be the standard symplectic
vector space with standard symplectic basis {ei,...,en, f1,..., fn}. The standard (not the
only!) example of a Lagrangian subspace is

W = Span(ey, ..., ep).

Indeed, one can check that
W* = Span(ey, ..., e,) = W.

In words, this is the subspace containing all of the position directions, and no momentum di-
rections. Because it contains all of the position directions, no momentum directions can be in
the symplectic orthogonal complement (any given momentum direction would pair nontriv-
ially with one of the position directions). Similarly, because there are 70 momentum directions
in the subspace, all of the position directions are in the symplectic orthogonal complement.

Example 8.5.7 (Standard symplectic subspaces). Let (R?", wq) be the standard symplectic vec-
tor space with standard symplectic basis {e1, ..., en, f1, ..., fn}. The standard example (not the
only one!) of a symplectic subspace is

W:Span(ela'--,ekaflw"afk)
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for some k < n. Indeed, one can check that

W = Span(eg+t1,-- -, €ns fit1s-- - fn)

and hence W N W% = {0}. In words, this subspace contains a collection of paired position
and momentum directions. Since all position and momentum directions in the subspace have
their paired direction in the subspace, the only directions that kill everything in W via the
symplectic form are those directions which are “orthogonal” in the usual sense.

Before we prove the main classification theorem of these subspaces, it is worth proving
some properties of the symplectic orthogonal complement that do resemble those of the usual
orthogonal complement.

Proposition 8.5.8. Let (V,w) be a symplectic vector space, and let W, W' C V be subspaces. Then
(i) if W C W', then (W')* C W¥,
(ii) dmW +dim W% = dimV, and
(iii) (W¥)¥ =W.
Proof.

(i) Suppose that W C W’. Letv € (W')“, and let w € W. Since W C W/, w € W'. Since
v e (W'Y, it follows that w(v, w) = 0. Since w € W was arbitrary, we have v € W*. This
implies (W)~ Cc W«.

(ii) The proof of (ii) is actually a bit tricky. Even in the case of the normal inner product, the
fact that dim W + dim W+ = dim V' is nontrivial — it may be insightful to reference the
relevant sections of Chapter 5 to compare and contrast the argument below.

Consider the map ® : V. — W*, where ® : V' — V* is the isomorphism from Proposition
8.3.8 given by ®(v) = f,, where f,(w) = w(v,w). When we write ® : V — W*, we are
simply viewing the output of ® as only defining a linear function on W C V, not all of
V. Note that, by definition of W*, we have ker(® : V. — W*) = W¥.

Next, we claim that ® : V' — W* is surjective. Let g : W — R be linear. Because W C V' is
a subspace of a finite dimensional vector space, we can select a complementary subspace
U C Vsuchthat W & U = V. We can then extend g : W — R to a linear function
g :V — Rby setting g(w + u) := g(w) where w € W and v € U. Because ¢ : V. — V* is
an isomorphism, there is some v € V such that ®(v) = g. This means that §(v') = w(v,v’)
for all v € V. Since V.= W @ U, this implies that g(w) = w(v,w) for all w € W, and
hence g = ®(v) where we view ® : V — W*.

Thus, we have ker(® : V. — W*) = W¥ and im(® : V — W*) = W*. By Rank-Nullity, it
follows that
dim W* + dim W* = dim V.

Since dim W* = dim W, we then get the desired equality dim W + dim W* = dim V.
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(iii) First, let w € W. We wish to show that w € (WW¥)%. To do this, let v € W*. Note that
w(w,v) = 0. Since v € W* was arbitrary, it follows that w € (W«)~.

We can get around showing the reverse containment directly by using (ii). Note that,
using two separate applications of (ii), we have

dimW 4+ dim W% =dimV

and
dim W* 4+ dim(W*)¥ = dim V.

Equating these two and simplifying gives dim W = dim(W*)“. Because we have already
shown W C (W%)¥, it then must be the case that W = (WW¥)~.

O]

Corollary 8.5.9. Let (V,w) be a symplectic vector space, and let W C V be a subspace. Then W' is
isotropic if and only if W is coisotropic.

Proof. By the previous proposition, note that W* > W if and only if (W*)~ C W¥. Thus, W is
isotropic if and only if W* is coisotropic. O

Next, we have the main theorem about subspaces of symplectic vector spaces. Observe that
statement (ii) below involves the notion of a quotient vector space; see Section 2.6.1 of Chapter
2 as a reference. If you haven’t learned about quotient vector spaces, feel free to ignore this
aspect of (ii) — we will not use it in the rest of this chapter.

Theorem 8.5.10. Let (V,w) be a symplectic vector space with dim'V = 2n.

(i) A subspace W is isotropic if and only if w |w= 0. That is, for all v,w € W, w(v,w) = 0.
Moreover, if W is isotropic then dim W < n.

(ii) A subspace W is coisotropic if and only if w induces a symplectic form on W/W*. Moreover,
if W is coisotropic then dim W > n.

(iii) A subspace W is Lagrangian if and only if it is both isotropic and coisotropic. In particular,
if W is a Lagrangian subspace then dim W = n.

(iv) A subspace W is symplectic if and only if w restricts to a symplectic form on W.

Proof.

(i) First, suppose that W is isotropic. Then W C W®. Let v,w € W. Since v € W and
w e W C W¥, it follows that w(v, w) = 0 and hence w |y= 0. Conversely, suppose that
w |lw= 0. Let v € W. We wish to show that v € W«. To do this, fix w € W and note
that w(v,w) = 0, since w | = 0. It follows that v € W%, and so W C W¥. Thus, W is
isotropic.
This establishes the if and only if statement in (i). To establish the moreover statement,
note that dim W + dim W% = 2n, and since W C W% we have dim W < dim W%. This
forces dim W < n, for otherwise dim W + dim W% > 2n.

183



(i)

(iii)

(iv)

First, for convenience we briefly recall the definition of W/W* and refer to Section 2.6.1
for more details. As a set, we have

W/W¢ ={[v]|veVand[v] = []ifv—v € W}
The addition and scalar multiplication operations are defined by
[v] + [w] := [v + W] and A o] =[]

One must show that these operations are actually well-defined, in that the choice of rep-
resentative v of the equivalence class [v] does not matter. To show that w restricts to a
symplectic form on W/W, we have a number of things to do.

Define w on W/W¥. For any [v], [w] € W/W¥, set

w([v], [w]) = w(v, w).

Checking that w is well-defined on W/W*. The first thing we need to check is that w is
actually a well-defined bilinear form on W/W¥. It suffices to do this in one component.
Let v,v',w € W be vectors such that v — v/ € W*. We wish to show that

w([v], [w]) = w([v'], [w])

so that the definition above actually makes sense. Because v — v € W¥ and w € W,
we know that w(v — v, w) = 0, and hence w(v, w) = w(v',w). This gives us the desired
equivalence.

Checking that w is symplectic. The fact that w is multilinear and antisymmetric on W/W*

follows immediately from inheriting the same properties from w on V. We only need to
verify that w is nondegenerate on W/W<«. If W% = W, then this is vacuously true, so
for the rest of the proof we may assume W« C W. Fix [v] # [0] € W/W®. Note that,
since [v] # [0], it is necessarily the case that v = v — 0 ¢ W*. We claim that there is some
w € W such that w(v,w) # 0. If this were not the case, then for all w € W we would have
w(v,w) = 0. This would force v € W, but we chose v so that v ¢ W*. Thus, for this
choice of w € W we have

w([v], [w]) = w(v,w) # 0
and so w is indeed a symplectic form on W/W<«.

For the other direction of the if and only if, note that W/WW* only makes sense as a vector
space if W% C W, and this forces W to be coisotropic.

Note that W = W if and only if W C W* and W C W. Thus, W is Lagrangian if and
only if W is both isotropic and coisotropic. The dimension constraints from (i) and (ii)
imply that dim W < n and dim W > n, and hence dim W = n.

First, suppose that w restricts to a symplectic form on W. We wish to show that WNW« =
{0}. Letv € W N W<. Because v € W*, we have w(v,w) = 0 for all w € W. But w
is nondegenerate on W, and so if v # 0 then there would be some w € W such that
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w(v,w) = 0. Thus, it must be the case that v = 0. It follows that W N W< = {0} and so W
is a symplectic subspace.

Next, suppose that W is a symplectic subspace, so that W N W« = {0}. We need to
prove that w restricts to a symplectic form on W. Multilinearity and antisymmetry are
automatic from the fact that w is symplectic on V, and so we only need to verify that w
is nondegenerate on W. Fix v # 0 € W. Since w is nondegenerate on V, there is some
w € V such that w(v,w) # 0. Since dim W + dim W* = dimV and W N W% = {0}, we
have W @& W% = V. Thus, we can write w = w + w’ for some w € W and w’ € W*. Note
that

w(v,w) = w(v, ) —w(v,w") = w(v,w) # 0.

Thus, w is nondegenerate on W, as desired.

Exercises

1. Let (R?", wyq) be the standard symplectic vector space. Let {e1,...,en, f1,..., fn} be the
standard symplectic basis.

(a) Verify that
Span(ey,...,ex) and  Span(fi,..., fx)

are isotropic subspaces. What other isotropic subspaces can you find?

(b) Verify that

Span(e,...,en, fktr1,---,fn) and  Span(er,...,eg, f1,.-., fn)

are coisotropic subspaces. What other coisotropic subspaces can you find?
(c) Verity that
Span(eq,...,e,) and  Span(fi,..., fn)
are Lagrangian subspaces. What other Lagrangian subspaces can you find?
(d) Verify that
Span(e1, ..., €k, fi,--- fi)

is a symplectic subspace. What other symplectic subspaces can you find?

2. Let (V?",w) be a symplectic vector space and let W C be a subspace with dim W = 1.
Prove that W is isotropic.

3. Let (V?",w) be a symplectic vector space and let W C be a subspace with dim W = 2n—1.
Prove that W is coisotropic.

4. Let (V2 ,w) be a 2-dimensional symplectic vector space. Use the previous exercise to
prove that every 1-dimensional subspace L C V' is Lagrangian.

Is it true in general that every half-dimensional subspace L" C V?" is automatically
Lagrangian?
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5. Let (V,w) be a symplectic vector space. Prove that W C V is a symplectic subspace if and
only if W¥ is a symplectic subspace. Moreover, prove that if W is a symplectic subspace,
thenV =W ¢ W«.

6. Let (V,w) be a symplectic vector space, and let L C V be a Lagrangian subspace.

(a) Let {v1,...,v,} be any basis of L. Show that this basis can be extended to a sym-
plectic basis {v1, ..., vp, wi,...,w,} of V, in the sense that

w(vi,v;) =0  foralli,j

(
w(w;, wj) =0 foralli,j
w(vi,w;) =0 foralli# j .
w(vi,w;) =1 foralli

(b) Using the previous part, show that (V,w) is symplectomorphic to (L x L*,weot),
the cotangent vector space of the Lagrangian L.!° In words, this exercise shows
that every symplectic vector space secretly looks like the cotangent vector space of a
Lagrangian subspace. This means that the construction in Theorem 8.3.12 is in some
sense the only source of examples for symplectic vector spaces.

7. Let (V1,w1) and (V2, w2) be symplectic vector spaces with dim V; = dim V5. Define & on
Vi x Vi as follows. For (v1, v2), (wi,ws) € Vi x Vs, set

w ((Ul,vg), (wl,wg)) = wl(vl, wl) — wg(vg,wg).

(a) Prove that (V; x V,,@) is a symplectic vector space.
(b) Prove that V; x {0} and {0} x V4 are symplectic vector spaces of (V; x Va,®).

(c) LetT : (Vi,wi) — (V2,w2) be a symplectomorphism. Consider the graph of 7" inside
Vi x V, given by

graph(T) = { (v,w) e Vi x Vo |w =T(v) }.
Prove that graph(7') is a Lagrangian subspace of (V; x V5, @).

8. Symplectic gramm-schmidt, symplectic projections?

8.6 Compatible complex structures

In Section 8.2, I motivated the notion of a symplectic form by considering the standard com-
plex inner product on C", decomposing it into its real and imaginary parts as a form on R?",
and then taking the imaginary part. In particular, this process gives the standard symplectic
form on R?". 1 also discussed how this suggested a fairly interwoven relationship between

"We already know they are symplectomorphic because we proved that all symplectic vector spaces of the same
dimension are symplectomorphic, but I want to you write down an explicit symplectomorphism using the basis in

the previous part.
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symplectic forms, complex numbers, and real inner products. In this section I want to make
this discussion a bit more formal. In particular, one thing we will see is how to start with a
symplectic vector space (V,w) and turn it into a “compatible” real and complex inner product
space.

8.6.1 Complex structures

The first thing we need to do is to give a new perspective on what we mean by a complex
number. In particular, if we start with a symplectic vector space (V,w), it is a real vector space.
It may be even dimensional, but it is not immediately clear how we might begin talking about
complex numbers in this setting.

For the moment, let’s reconsider the vector space C", viewed as a complex vector space.
Because i € Cis a scalar, we can multiply vectors by it to produce new vectors in C". Moreover,
this is a linear operation. That is, we can define a linear map j : C* — C" which is given by
multiplication by i:

j(w):=iv forallv e C".
Not only is the map j : C* — C" linear, but it has the special property that it squares to —I, the
negative identity mapping on C". Note that, when I say “square” here, I mean with respect to

composition. Thus, my claim is that j2 = —1I, which is to say j o j = —I. Let’s check. For any
v € C", we have

(o)) = (i) =jliv) =i-jw)=i-i-v=iv=—v=—I(v).

Thus, j? = —I. This property of the linear map j is essentially just a rephrasing of the defining
property of i as a complex number, namely, that it is defined to be a number such that i? = —1.

All of this is to say that we can capture the fundamental nature of the complex number ¢
by instead searching for an abstract linear transformation on a real vector space that squares
to the negative identity. This leads to the following definition.

Definition 8.6.1. Let V be a real vector space. A (linear) complex structure on V' is a linear
map J : V — V such that J? = —1.

Example 8.6.2. Consider the vector space R2" and let

0 I
Jstd = " "
—I, O,

as usual. Define J : R?® — R?" by J(v) := Jgxqv. Then J defines a complex structure on
R?". Indeed, it suffices to verify that J2, = —I5,, where I, is the 2n x 2n identity matrix.
Performing block multiplication gives

) On In On In 02 — 12 0n1y + 1,0, —I, 0O,
—I, 0O, -1, 0, -1,0, — 0,1, —I;+0; 0, —Iy
Note also that J (v) := —Jsaq also defines a linear complex structure on R?". In general, there
may be many different complex structures on a vector space.
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Observe that when we defined a linear complex structure, we made no assumption on the
dimension of V. A priori, the dimension could even be odd. However, it is an immediate
consequence of the definition of a complex structure that the dimension has to be even! This
is consistent with the idea that if we view a complex vector space as a real vector space, it
has twice (and hence necessarily even) the complex dimension. That is C is a 1-dimensional
complex object, but a 2-dimensional real object.

Proposition 8.6.3. Let V' be a real vector space and let J be a complex structure on V. Then dim V' is
even.

Proof. Suppose for the sake of contradiction that N is odd. Every linear operator on an odd
dimensional real vector space has a real eigenvalue, and so there must be some v # 0 € V and
a A € Rsuch that

J(v) = .

Applying J to both sides gives —v = A\? v. Since v # 0, it follows that A\ = —1. But )\ is a real

number, and so this is a contradiction. Thus, dim V' is even. O

The above proof is actually a direct way to compute the eigenvalues of any complex struc-
ture, which are +i (when viewed over the complex numbers). This gives further mathematical
evidence for the validity of the definition of a complex structure.

Next, we build the connection from abstract complex structures to the familiar notion of
complex vector spaces more directly.

Proposition 8.6.4. Let V' be a real vector space and J : V. — V a linear complex structure. Then V
can be given the structure of a vector space over C by defining C-scalar multiplication as follows:

(a+bi)-v:=av+bJ(v) forallvelV.

Proof. We verify one of the vector space axioms, and leave the rest as an exercise. In particular,
we will show that for all A\, x € Cand v € V, we have

Alpv) = (Ap)v
Fixv € V,and write A = a + bi € C and 4 = ¢ + di € C. Then we have

AMpv) = (a+bi)[(c+ di)v]
= (a+ bi)[cv + dJ(v)]
= afcv + dJ(v)] + bJ ([cv + dJ(v)])
= acv + adJ (v) + beJ (v) — bdv
ac — bd)v + (ad + bc)J (v)
(ac — bd) + (ad + be)i] v
(a+bi)(c+di)| v
Ap) v

= (
= [
[
= (
as desired. The other axioms are left as an exercise. O
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8.6.2 Compatible complex structures

Next, we can start discussing the interaction between linear complex structures and symplectic
forms.

Definition 8.6.5. Let V be a vector space and w a symplectic form. A linear complex structure
J : V. — V is compatible with w, also written as w-compatible, if

(1) w(v,Jv) >0forallv#0¢€ V,and
(2) w(Jv, Jw) =w(v,w) forallv,w € V.

Example 8.6.6. Consider the vector space R?" and let wyq be the standard symplectic structure.
Let Jstq denote the standard complex structure (here we are abusing notation and writing Jsq
to represent both the abstract transformation Jgg : R?" — R?" and the familiar 2n x 2n matrix
Jstd). We claim that —Jgq is an wgtq-compatible complex structure.

To verify this, first recall that wyq(v,w) = v Jyqw for all v,w € R?". Also, recall that
]Szt 4 = —I2n. We separately consider each condition (1) and (2) above.

(1) Let v # 0 € R?". Note that

Wetd (U, —Jstqv) = 0T T (J —gtq v) = fvTJSQtdv = vl Ihv = v,
Next, recall that the standard inner product on R?" is given exactly by (v,w) = vTw.
Thus, this, shows that
2
westd (v, —Jgtqv) = [|v||” >0

where the norm is given by the standard inner product.

(2) Next, let v,w € R?>". We have

wstd(_JsLdv; _Jstdw) - (_JsLd'U)TJstd(_Jstdw)
- UT(*Jstd)TIQHUJ
= ol Jgquw

= Wstd (Uv Uj)

as desired.
Thus, —Jsq defines a complex structure which is compatible with wgq.

Observe that by the computation in (1) above, for the compatible complex structure —Jgq,
we have

Wstd(va _Jstdw) = <U7 w>

where (-,-) denotes the standard inner product on R?". This is no accident! One of the nice
properties of compatible complex structures is that they blend with the symplectic form to give
a real inner product.

Proposition 8.6.7. Let (V,w) be a symplectic vector space, and let J : V. — V be an w-compatible
complex structure. Then (-, -) ; given by (v, w) ; := w(v, Jw) defines a real inner product on V.

Proof. ADD O
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Exercises

1. Let V be a real vector space and J : V — V be a linear map satisfying J? = —I. Give an
alternative proof to the fact that dim V' is even using determinants.

2. Let V be a real vector space and a J : V' — V a complex structure. Verify the rest of the
vector space axioms to show that V' is a vector space over C with scalar multipl

8.7 Where to from here? Survey articles on symplectic geometry

In this chapter we have developed thoroughly the theory of symplectic linear algebra. Sym-
plectic linear algebra is itself already interesting, but it is only a brief glimpse into a much
deeper part of math called symplectic geometry. The main motivation for developing sym-
plectic linear algebra is to use it as a stepping stone to study the more complicated world of
symplectic geometry. Unfortunately, symplectic geometry is a subject with a large number of
prerequisites, and so discussing it carefully is out of the scope of this text.

Instead, this section will be an informal and imprecise collection of survey articles into
the world of symplectic geometry, written for you to see how the theory of symplectic linear
algebra evolves as you wade deeper into the mathematical ocean. As such, this very optional
section will feel much different than all the others. It is only meant to tell a story in a way that

is accessible for an undergraduate linear algebra student.
FINISH

8.7.1 Symplectic manifolds

8.7.2 Contact manifolds
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Lie Algebras
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Appendix A

Miscellaneous Review Topics

A.1 Induction

Induction is a well-known and widely used proof technique. It is used to prove statement
that come with the descriptor for all n € N, or something similar. That is, suppose you have
a collection of mathematical statements P(n), indexed by the natural numbers. As a silly

example,

P(1) = “The number 1 is not a color.”
P(2) = “The number 2 is not a color.”

P(3) = “The number 3 is not a color.”

P(n) = “The number n is not a color.”

We would like to prove the validity of the statements P(n) for alln > 1. One possible approach
is to prove them one by one. That is, first prove P(1), then P(2), then P(3), and so on, until
we have proven all statement. This, unfortunately, is not a very smart idea, because there are
infinitely many statements. We would spend the rest of our lives proving the statements and
would die before we ever finished. We could conscript all future humans to continue proving
statements one by one after we perish, and this would still not be enough. Humanity would go
extinct before we can prove infinitely many statements directly. This approach is not feasible.
Another approach is to write down a proof for the validity of P(n) completely abstractly,
without making an argument that depends on the specific value of the number n. This is
a perfectly valid technique. You shouldn’t blindly use induction, just because a statement
contains the phrase “for all n.” Sometimes a direct and n-abstract argument will work.
However, sometimes a direct n-abstract argument can be difficult, and it can be easier to use
induction (which I have yet to explain). The philosophy of induction is to treat the sequence of
statements P(1), P(2), P(3), ... like a chain of standing dominoes. Proving the statement P(n)
corresponds to tipping over the nth domino. Instead of tipping over each domino individually
(the first approach) or calling upon an earthquake to simultaneously tip over all dominoes at
once (the second method), we can take a more refined approach by only tipping over the first
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domino, and then arguing that each falling domino will tip over the next. By starting a chain
reaction — and proving that a chain reaction must take place — we can delicately finish the
job.

To say this in a more mathematical formulation, a proof by induction proceeds as follows.
You prove directly the first statement, say, P(1). This corresponds to tipping the first domino.
Then, you must prove that if a statement P(k) is true, then the following statement P(k + 1)
must also be true. This proves that one falling domino will cause the next to fall. I'll summarize
this in the following principle, and then we will work through some examples.

4 )
Principle A.1.1 (Principle of induction.). To prove a statement of the form “P(n) for all
n > 1”7 using induction, you:

o Establish a base case by proving the statement P(1) directly. This tips the first domino.

o Prove that validity of P(k) implies validity of P(k + 1). That is, assume that P(k) is
true — this is the inductive hypothesis — and prove that P(k + 1) must also then be
true. This shows that if one domino falls, then the next will fall too.

- J

A.1.1 The size of power sets
As a first example, let’s consider a concept rooted in the basics of set theory.

Definition A.1.2. Let S be any set (possibly infinite). The power set of S, denoted P(.5), is the
set consisting of all subsets of S. That is,

PS)={X|XcCS}
Example A.1.3. Let S = {1,2}. Then
P(S) = {Q), {1}7 {2}7 {1’2}}'

Note that the empty set is a subset of every set, and hence always an element of the power set
of anything! Similarly, S is always a subset of S, and so S € P(S).

Example A.1.4. Let S = {1,2,3}. Then

P(S) =A{0, {1}, {2}, {3}, {1,2}, {2,3}, {1,3}, {1,2,3}}.
Example A.1.5. Nothing stops us from taking power sets of power sets. Let S = {1, 2}. Then
‘PCP(S))::{@7{Q},{{l}}v{{2}}7{{1,2}L

{0,411, {0, {233, {0, {1,233, ({1}, {24}, {1}, {1, 23}, {42} {1, 23},
{®7{1},{2}}7{@7{1},{1,2}},{@,{2},{1,2}},{{1}7{2}7{172}}7{@,{1}7{2}7{1,2}}}

Power sets of power sets and beyond get difficult to itemize explicitly because of the mess of
nested parentheses, but I'll point out one thing: the elements () and {(J} are distinct elements of
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the double power set!

Now I'll get to the point where we can use some induction. For any (finite) set S, let | S|
denote the number of elements in the set. For example, if S = {1,2} then |S| = 2, and if
S = {1,2,3} then |S| = 3. If you count the elements in the above examples, you'll pick up on
the following pattern:

o When S = {1,2}, so that | S| = 2, we have |P(S)| = 4 = 22 = 2I5],
o When S = {1, 2,3}, so that |S| = 3, we have |P(S)| = 8 = 23 = 2/,
o When S = {1,2}, so that | S| = 2, we have |P(S)| = 4 and |P(P(S))| = 16 = 2* = 2/P(S)I,

This pattern is no accident. In general, if you have a set of size n, then the size of the power
set will be 2".

Proposition A.1.6. Let S be a set with |S| = n. Then |P(S)| = 2™.

Proof. Before we write a purple-quality proof, I will point out that, although not explicit, this
proposition does say implicitly that something is true for all n. In this case, we have to make
out the implication that the statement of the proposition implies “for all n > 0.” Next, because
this is our first induction proof, I will intersperse my own commentary (in black print) with
the professional-quality writing that would eventually make up my final proof (purple print).
Keep in mind that if I were writing a proof for this problem on a test, or on homework, or in a
research paper, I would only present the purple parts of this proof.

The first step in an induction proof is to directly proof a base case. Above, I hinted that this
statement is true for all n > 0, and so we can take n = 0 as our base case.

We proceed by induction on n. We begin with the base case n = 0. Let S be a set
with |S| = 0. The only such set is the empty set, so S = (). Note that

and so |P(S)| = 1 = 2°. This verifies the base case.

A few more comments before proceeding. Note that I began my proof by telling the reader I
am going to use induction. Comments like this help the readability of your proofs, as they help
the reader understanding your argument on a greater scale. Next, I'll once again point out
the subtlety in that the empty set (), has no elements. It is the set ) = {}. The set {0} is very
different than 0.

Next, we perform the inductive step. We assume that we know that for some k£ > 0 that the
statement is already true. We will prove that this forces the statement to be true for £ 4 1. We
are not proving the statement is true for £, and we are not even claiming that it is true. We are
simply hypothetically assuming that the statement is true for k, and then proving that, if this
were the case, it would also have to be true for & + 1.

Next, we perform the inductive step. Assume that for some k > 0, it is true that if
S is a set with |S| = k, then |P(S)| = 2*. Let S be a set with |S| = k + 1. We must
prove that |S| = 2F+1,
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This is the set up for our inductive step. Note that we will make significant use of the inductive
assumption to prove validity for k£ + 1. This is the point of using induction. To do this, we have
to figure out how to use our assumption of sets of size k. Our current set of interest, 5, contains
k + 1 elements. It seems like a reasonable idea to me to write S as a union of a subset of size
k and one other element. From there, we can understand the power set of S in terms of the
power set of the smaller subset and the extra element.

Write S = S U {2}, where S C S is a subset with |S| = k. By the inductive hypoth-
esis, we know that [P(S)| = 2*. Thus, we can write

Note that

P(S) = { X1, Xoy oo Xop, Xy U{a), XoU{z), ..., Xo U{rﬂ}}.

2F elements 2k elements

Thus, |P(S)| = 2F + 2% = 2. 2F = 2k+1 a5 desired. By the principle of induction,
this completes the proof.

O

Alternate proof. Before giving you some more examples of proofs by induction, I want to point
out that we can prove the above proposition about sizes of power sets directly, without using
induction. Arguably, a direct proof is easier.

Let S be a set with |S| = n. We can enumerate the elements (in order) as follows:

S={x1,...,zn}

We can identify each element X € P(S) with a string of length n of Os and 1s, where the jth
digit, 0 or 1, indicates whether z; ¢ X or z; € Xj, respectively. For example, the element
X = {x1,23,2,} € P(S) would correspond to the string

1010---01.

Note that there are 2" such strings, as each digit has two possibilities (0 or 1). Thus, |P(5)| = 2",
as desired.
O

A.1.2 Some numerical inequalities

Proving the size of power sets is a fairly sophisticated example with which to introduce the
concept of induction. For some simpler examples, we can consider some numerical inequali-
ties; statements about integers that holds for all n larger than some initial value.

Proposition A.1.7. For all n > 4, we have n! > 2".
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Proof. We proceed by induction on n. First we establish the base case n = 4. Note that 4! =
4-3-2-1=24>16 = 2%, as desired.

Next, we perform the inductive step. Suppose that for some k > 4 we know that k! > 2.
Note that

(k + 1)l =
>

—~

k+1)-kl
k+1)-2F
.ok
k1

—

Vv
N

In the second inequality we used the inductive hypothesis, and in the third inequality we used
the fact that £ + 1 > 2, since £ > 4. By the principle of induction this proves that n! > 2" for all
n > 4. ]

Proposition A.1.8. Prove that for all integers n > 0 and all real numbers x > —1, we have (14 x)" >
1+ nz.

Proof. We proceed by induction on n. First, we establish the base case n = 0. Note that for any
x> —1,wehave (1 +2)° =1>1= 1+ 0z as desired.

Next we perform the inductive step. Suppose that for some k > 1, we know that (1 +z)* >
1+ kx for all z > —1. Then

(1+2) =04+ 2)*1 +2)
> (1+kx)(1+x)
=1+ kx + z + ka?
=1+ (k+ 1)z + ka?
> 1+ (k+ 1)z

The first inequality comes from the inductive hypothesis and crucially uses the fact that = >
—1, and hence 1 + z > 0. Otherwise the inequality would flip directions. The last inequality
comes from the fact that kz?2 > 0. O

I'll close our discussion of induction with some observations about these two examples.
First, note the overall structural similarity between the proofs of these inequalities with the
power set example above. I began by telling the reader I would perform induction, and then I
verified the base case. After that, I did the inductive step and very explicitly used the inductive
hypothesis to make the relevant conclusion. All of these features are common in any induction
proof.

A.2 Equivalence relations

The notion of an equivalence relation is ubiquitous in math. In the context of linear algebra at
this level, it can help us understand certain finite fields and perform other constructions like
quotienting vector spaces by subspaces.
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A.21 The definition of an equivalence relation

Before giving the precise definition of an equivalence relation, let me describe the intuitive
idea. Suppose we have a collection of objects, which I will represent below as a collection of
dots.

This collection of dots represents a set of 9 elements. Suppose that for some reason, we wanted
to group the objects together so that we could treat groups as one, new object. For example,
we could group the objects together like this:

With this grouping, we now think of having 3 total objects, not 9. The red group is a single
blob, the blue group is a single blob, and the purple group is a single blob. If you pick up one
of the dots in the red blob, you pick up the entire blob. If you tell your friend hey look at that
dot in the middle of the top row, all your friend will see is the entirety of the blue blob. If you ask
your friend, hey what’s the difference between the top right dot and the dot in the middle of the third
column, they will tell you that there is no difference; they both exist as one in the purple blob.
This is an equivalence relation! It’s just a way to group collections of objects in a way that you
treat the groups as one.

Now, there are some features of the above grouping that are important. I will highlight
two.

o Every dot is in a group.
¢ No dot is in more than one group.
For example, consider the same collection above but with this attempt at grouping.

This does not describe an equivalence relation (which I still have yet to define). This grouping
is not great, for a few reasons. First, two of the dots aren’t part of a grouping at all; they are
left out. We don’t want to leave any object out of a grouping. Secondly, the middle dot in the
bottom row is part of both the red and blue group. We don’t want this to happen, because we
want each group to be completely distinct so that we can treat them as separate objects.
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With these pictures in mind, here is the official definition of an equivalence relation. After
making some sense of the definition, we will consider a few linear-algebra-relevant examples.

Definition A.2.1. Let S be a set. An equivalence relation on S is a symbol ~ that satisfies the

following axioms.
(1) (Reflexivity) Forallz € S, x ~ x.
(2) (Symmetry) For all z,y € S, we have z ~ y if and only if y ~ =.
(3) (Transitivity) Forall z,y,z € S,if x ~ yand y ~ z, then x ~ z.
Forany z € S, let [z] :=={y € S|y ~ = }. The set [z] is called the equivalence class of x.

In this definition, you should read the symbol “~” as “is in the same group as”. So = ~ z,
the reflexivity condition, means that z must be in the same group as itself. In terms of our
above pictures, this is a trivial requirement. The symmetry condition means that if z is in the
same group as y, then y must be in the same group as z. This is also a bit tautological in terms
of the above groupings. The transitivity condition says that if  and y are in the same group,
and if y and z are in the same group, then = and z have to be in the same group. This condition
is violated by the figure above with overlapping blue and red groups!

A.2.2 An example involving finite fields

Our first example of an equivalence relation will be on the set of integers Z = {..., -2,-1,0,1,2,... }.

Define an equivalence relation (i.e., a grouping) ~ as follows:
n ~m if and only if n — m is divisible by 3.

To be clear, an integer M is divisible by 3 if M = 3k for some k € Z. Let’s verify that this is an
equivalence relation, and then we’ll discuss how to think about what this gives us.

(1) (Reflexivity) First we show that n ~ n for all n € Z. Note thatn —n = 0 = 3 -0 and so
n — n is divisible by 3. Thus, n ~ n.

(2) (Symmetry) Suppose that n ~ m. This means that n — m = 3k for some k € Z. It follows
that m — n = 3(—k), and so m ~ n. Thus, the symmetry property is satisfied.

(3) (Transitivity) Suppose that n ~ m and m ~ ¢. We wish to show that n ~ ¢. Since n ~ m
and m ~ £, we have n — m = 3k; and m — £ = 3k, for some k1, ko € Z. Thus,

n—4{0=(mn-—m)+ (m—~) =3k + 3k = 3(k1 + ko)
and so n ~ £, as desired.

Thus, ~ as defined above is indeed an equivalence relation on Z. But what is it telling us?
To understand this, let’s consider the set of equivalence classes. For example, consider the
integer 0 € Z. What is the equivalence class [0]? By the above definition, [0] is the set of
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integers n such that n ~ 0. That is, the set of integers n such that n — 0 = 3k. This means that
[0] is the set of all multiples of 3:

0]=1{..,-9,-6,-3,0,3,6,9,...}.

To emphasize the point of an equivalence relation, we also have [0] = [3] = [6] and so on. The
notation [a] just means “the group containing the element a.” What about [1], the equivalence
class containing 1? Well, this would be the set of integers n such that n — 1 = 3k, so that
n = 3k + 1. This means that

1] ={..,-8-5,-2,1,4,7,10,... }.
Likewise, one can check that
2] ={..,-7,—4,-1,2,5,8,11,... }.

You'll notice that with these three equivalence classes (groups), we have now partitioned all
of the integers. That is, we have decomposed Z = [0] U [1] U [2]. This is a grouping of integers
according to their remainder after division by 3. This should feel familiar, if you've spent some
time thinking about finite fields. In particular, the field IF3 can be described precisely using the
three equivalence classes of Z under ~ as above!

A.2.3 An example involving subspaces of vector spaces

Next, here is an equivalence relation in the realm of vector spaces.! This equivalence relation
is used in defining quotient vector spaces, informally, a way to “divide” a vector space by a
subspace.

Let V be any vector space, and let W C V be a subspace. Define ~ on V" as follows:

v~w ifandonlyifv—we W.

Let’s first verify that this is in fact an equivalence relation, and then we will discuss what it
means.

(1) (Reflexivity) For any v € V, note that v —v = 0 € W, since W is a subspace. Thus, v ~ v.
This proves that ~ is reflexive.

(2) (Symmetry) Suppose that v ~ w. Then v —w € W. Since W is a subspace, and hence is
closed under scalar multiplication, we have that (—1)(v — w) = w — v € W, and hence
w ~ v. This proves that ~ is symmetric.

(3) (Transitivity) Suppose that v ~ w and w ~ w. Then v — w, w — u € W. Note that
v—u=@w—-—w)+(w—-—u)eW

since W is closed under addition. Thus, v ~ u, and so ~ is transitive.

!To understand this subsection, you should know what a subspace of a vector space is.
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Thus, ~ is in fact an equivalence relation on V.

To see what this equivalence class gives us, let’s consider the set of equivalence classes.
First, consider [0], the equivalence class containing the 0 vector. This is the set of all vectors
equivalent to 0, which is the set of all vectors v such that v — 0 € W. But this is precisely all
of the vectors in W, and so [0] = W. That is, under this equivalence relation we think of the
entire subspace I as being one object.

All of the other objects (equivalence classes) are parallel shifts of the subspace W. For
example, let vy € V be a vector which is not in the subspace W. Then

] ={weV]iw—vweW}l={weV]|we{v}+W}

In words, the equivalence class containing vy is given by adding v, to every single vector in W,
that is, shifting the subspace W by vg. Note that [v] is not a subspace of V, because it won't
contain the 0 vector — instead, it is a parallel shift of W away from the origin by vy. Thus, the
equivalence classes of V' under ~ foliate the vector space V' by parallel copies of W.

A.3 Row reduction
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